Geometry II Chapter 5 Lecture Notes Fall 2023

5.1 Differentiable Manifolds

Definition A locally Fuclidean space X of dimension n is a Hausdorff topological space such
that, for each x € X, there exists a homeomorphism ¢, mapping some open set containing x
onto an open set in R".

Remark We may, if we wish, choose each ¢, so that ¢,(z) = 0 and so that the image of p, is
a ball By(e). Given any ¢, homeomorphically mapping an open set U about = onto an open set
in R”, let € > 0 be such that B, (;)(g) C ¢(U). Let

?ﬂ : B@l(x)(&“) — 80(8)

be translation by —¢,(x). Then
Pe= 000l (5,,0000)

maps ¢, (By,(x)(¢)) homeomorphically onto By(e).
Example 1. R" is locally Euclidean. For each = € R", take ¢, to be the identity map.

Example 2. S" is locally Euclidean. Given z € S", let y € S", y # x. Then ¢,= stereographic
projection from y maps S™ \ {y} (an open set containing x) homeomorphically onto R".

Example 3. Projective space P"; that is, the space of all lines through 0 in R"*! is locally
Euclidean. For since P" is covered by S”, each x € P" is contained in an open set homeomorphic
to an open set in S™ that itself contains, about each of its points, an open set homeomorphic to
an open set R”.

Example 4. Each open subset U of a locally Euclidean space X is locally Euclidean. For if
x € U, let ¥, be a homeomorphism mapping an open set about x in X onto an open set in R".
Take ¢, = ¢x’Undomainwz'

Example 5. Let My(R) = {M = (my),o; o | my € R, 1 <4, j < k} be the space of
k x k matrices with real entries, and let i : My(R) — R* be the identification map (and a
homeomorphism) from M;,(R) onto R** defined by

mu o Mgk
. moyr - Mg
P (M) = (Mg, ..., Mg, Moty oy Mgy ooy Mg1, .., Mg, ) for each M =

Mg - Mgk

Consider the subset X = {M € M (R) | det M # 0} of all nonsingular k x k matrices. Since the
determinant function det : M;(R) — R' defined by

det (M) = Z SENO M1 (1)Ma0(2) * * - Mio(k), Ok = permutation group of k nuumbers, sgno = sign of o
€Sk

is continuous on My(R) and R' \ {0} is open in R, the set X = det™' (R'\ {0}) is open in
My (R). Since, for each M € X, the function ¢y, = i is a coordinate function from the open set
X (containing M) in M, (R) onto the open set i(X) in R¥’, X is a locally Euclidean space.

Definition A C*-differentiable manifold of dimension n is a pair (X, ®) where X is a Hausdorff
topological space, and ® is a collection of maps such that the following conditions hold (see
Figure 5.1) and ® is called a C*-differentiable structure on X.
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(1) {domain ¢},cq is an open covering of X,
(2) each ¢ € ® maps its domain homeomorphically onto an open set in R",
(3) for each ¢, 1 € ® with (domain ) N (domain) # @, the map ¥ o ¢! is a C*-map from
¢ (domain p N domain¥) C R™ into R™, that is, any two maps in ® are C*-compatible,
(4) @ is maximal relative to (2) and (3); that is, if
— 1) is any homeomorphism mapping an open set in X onto an open set in R"

— 1 is C*-compatible with each map in ®, that is, for each ¢ € ® with
domain ¢ N domain v # (),
Yo p(domain ¢ N domain ) — ¢ (domain ¢ N domain ) C R™ and
@ o~ 9 (domain ¢ N domain ) — ¢ (domain ¢ N domain ) C R” are C*-maps,

then ¢ € .

domain

Figure 5.1

Remark Condition (4) implies that if ¥ is a collection of maps satisfying conditions (1), (2), (3)
and if @ U U is a collection of maps satisfying condition (3), then ¥ C .

Remark Note that a C*-manifold is a locally Euclidean space and a locally Euclidean space
gives rise to a C°-manifold.

If n = 2 and, in Condition (3), “C*” is replaced by “complex analytic” (where R? is identified
with the complex numbers C!), (X, ®) is called a complex analytic manifold of complex dimension
1 or a Riemann surface. ® is then called a complez structure or conformal structure on X.

The maps ¢ € ® are called coordinate systems, (¢, domain ¢) are called coordinate charts and
® = {(p, domainy) | ¢ € ®} is called a C*-atlas when it satisfies conditions (1) — (3). More
precisely, the map ¢ € ® is called a coordinate system (or chart) on the open set domaing C X.
For x € X, a coordinate system (or chart) about x is a coordinate system ¢ € ® such that
x € domain .

Remark Each of the above Examples 1, 2, 3 and 5 of locally Euclidean spaces form the under-
lying space of a C'*°-manifold. You need only check that the maps ¢, satisfy Condition (3) for
a manifold, and then take ® to be a maximal set containing {p,}.cx. Example 4 above also
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carries over to manifolds. Namely, if (X, ®) is a C*-manifold and U is an open set in X, then
(U, ®|yy) is a C*k-manifold, where ®|; = {p|y | ¢ € ®}.

Definition Let (X, ®) be a C*-manifold. A real-valued function f : X — R'is a C*-function
(s < k), denoted f € C*(X,R"), if, for each p € ®, f o v ' is a C°-function mapping the image
of ¢ C R™ into R*.

Let (X,®) be a C*manifold, and let z € X. A real-valued function f is said to be of class C*
(s < k), in a neighborhood of x, denoted f € C*(X, z, R'), if U = (domain f) is an open set in
X containing x, and f € C*(U,R"), where U has the C*-manifold structure as an open set in X.

Remarks Note that we are able to define C*-functions on X because

(1) X looks locally (via the coordinate systems ¢ € ® like R", and we know what it means for
a function on R™ to be C%;

(2) if U = domainy and V = domaint for ¢, ¢ € ®, with U NV # (), the concept of a
C*-function in a neighborhood of z in U NV is the same relative to the coordinate system
¢ as to the coordinate system 1, because ) o ¢! is a C*-homeomorphism and k > s.

Note also that if f and g are C*-functions in a neighborhood of z, then f + g and fg (product)
are C*-functions in a neighborhood of x, where

domain (f + ¢g) = domain (fg) = (domain f) N (domain g).

Definition Let (X, ®) be a C*-manifold, and let ¢ € ® be a coordinate system on U = domain ¢.
Let r; : R" — R! be the j™ coordinate function on R™; that is, ri(a1,aq,...,a,) = a; for
(a,...,a,) € R™ The j™ coordinate function of the coordinate system ¢ is the function z; :
U — R' defined by z; = r; 0 .

Remark z; : U — R' is a C*-function. The n-tuple of functions (1,...,,) is sometimes also
referred to as a coordinate system.

Definition Let (X1, ®;) and (X5, ®3) be C*-manifolds (not necessarily of the same dimension).
A mapping ¥ : X7 — X5 is of class C* (s < k), denoted ¥ € C°(X;, Xy), if, whenever [ €
C*(X5,RY), then fo W € C*(X,,RY).

Exerxise 1. Show that, if U : X; — X, is of class C® (s > 0), then W is continuous.

Remarks We shall confine our attention to C*°-manifolds. We shall use the word “smooth” to
denote C°°.

We now proceed to define the concept of tangent vector on a manifold. Recall that, in Euclidean
space, a vector at a point defines a map which sends each smooth function into a real number,
namely, the directional derivative with respect to the given vector. Moreover, the vector is
determined by its values on all smooth functions. We shall use this property to define tangent
vectors on a manifold.

Definition Let (X, ®) be a smooth manifold and let x € X. A tangent vector at x is a map
v C®(X, 2z, RY) — R' such that, if ¢ is a (fixed) coordinate system with € U = domain ¢,
then there exists an n-tuple (aq, as, .. ., a,) of real numbers with the following property. For each

feo™(X,z,RY,

o(f) = ;a ar: (fou™)

(Note that if W = domain f, then ¢ and f both defined on the open set U N'W containing z, so
that f o ™' is a smooth function with domain (U N W) C R™ containing ¢(x).)

o(x)
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Remark If v : C°(X,z,R'") — R! has the property required above of a tangent vector with
respect to one coordinate system ¢ = (x1,...,x,); about z, then it also has this property with
respect to any other coordinate system about x. For, if ) = (y1, ..., y,) is another such coordinate
system, then, using the chain rule,

o(f) = D ai (foe™)

i=1

- 0
= Z%W(fc”ﬂ_l‘)wo%@_l)
i=1 v

n n a

= Zaiz I (foy™)
i=1  g=1 7
n n a

=3 (Z o T (0 so—1>|m)) 5o (10u™)

j=1 \i=1

n P B
= ija—rj(fﬂ/} Y
7=1

¥(z)
where Jj; (w o <p’1) = Qy;/Ox; is the Jacobian matrix of the function ¢ o ¢!, and

o —1 . . .
b = Zl a; Jj; (w o )‘@(z) . Thus, to check if v is a tangent vector at x, it suffices to check the
required property in any one coordinate system at x.
Notation Given a coordinate system ¢ about z, let z; = r;0¢ denote the j™ coordinate function
of p. By 0/0x; (j = 1,...,n) is meant the tangent vector at = defined by

0 _i o -1 0 1
8_37](f>_ 873 (f ¢ )w(x) fOI‘fGC (X,.T,R)

0

Thus — corresponds, relative to the coordinate system ¢, to the n-tuple (0,0,...,1,...,0),
Lj

where the 1 is in the j** spot.

Remark 1. If xy,...,z, are the coordinate functions of a coordinate system ¢ about x, and
Y1, - - -, Yn are those of a coordinate system 1 about x, then the above computation shows that
0 " Oy; 0
= Yi foreach j =1,...,n

0_xj N i1 8xj 8yl
Remark 2. A tangent vector v at x € X has the following properties. For any f, g €
C*(X,z,R") and for A € R,

(1) v(f +g) =v(f) +v(g),
(2) v(Af) = M(f),
(3) v(fg) = v(f)g(x) + f(x)v(g).

These three properties say that the map v : C*(X,z,R') — R' is a derivation.
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Moreover, these properties characterize tangent vectors; that is, we could have defined a tangent
vector to be a map v : C°(X,z,R') — R' satisfying (1) — (3) above, and then proved that,
n

relative to any coordinate system ¢ about z, v = Z a; (0/0x;) for some n-tuple (ay,...,a,) of
i=1
real numbers, where z; is the ™" coordinate function of ¢.

Remark 3. The set X, of tangent vectors at x forms a vector space under the following rules of
addition and scalar multiplication:

(v1+v2) (f) = wvi(f)+wvaf) forall vy,v9 € X,
(M) (f) = Av(f) forall v, € X,, A€ R

To see that vy + v, and Av; are tangent vectors at x, let ¢ be a coordinate system about z, with

coordinate functions (z1,...,x,). Then
u 0 _ 0
N and vy =S b
U1 ; a axz an Va2 ; axl
for some (ay,...,a,) and (by,...,b,). It is then easy to check that the following rules of addition

and scalar multiplication:

n

0
v+ v = Z(ai_"bi)%

i=1

& 0
o = Aag)
The map (ay,...,a,) — Z a; (0/0z;) gives a vector space isomorphism R"” — X, so X, has
i=1
dimension n. Moreover, it is clear that {0/0z; | i = 1,...,n} is a basis for X,. The space X, is
called the tangent space to X at z. It is also denoted by T'(X), or by T'(X, z).

For ¢ and 1) two coordinate systems at z, with coordinate functions (x1, ..., z,) and (y1,...,yn),
respectively, the formula

0 " Oy; 0 ,
— = fi hj=1,...
oz, 2 9z, on; or each j R

merely expresses the vector 0/0z; in terms of the basis {9/0y; | i = 1,...,n}. Thus the change
of basis matrix from the basis {0/0y; |i =1,...,n}. of X, to the basis {0/0x; | i=1,...,n} is
dz;

Remark 4. The tangent space T'(R",a) to R" at a point a € R" is naturally isomorphic with
R™ itself. The isomorphism R" — T'(R", a) is given by

9y
precisely the Jacobian matrix ( 4 ) .
1<i, j<n

"9
()\1,...,/\n)—>izl)\ia—m

Notation We shall henceforth omit the ® from our notation for a differentiable manifold (X, ).
To be sure, a locally Euclidean space X may have two or more distinct differentiable structures
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on it (or it may have none), but we shall denote a manifold (X, ®) merely by X and shall assume
that a definite differentiable structure is given on it.

Definition Let X and Y be smooth manifolds. Let ¥ : X — Y be a smooth map. The
differential of ¥ at x € X is the map d¥ : X, — Yy(,) defined as follows. For v € X, and
g€ C=(Y,¥(z),R"),

(d¥(v))(9) =v(go V)

Remark It is easily checked that d¥(v)is indeed a tangent vector at Yy ;). For, if ¢ is a coordinate
system about x with coordinate functions (xy,...,z,), and 7 is a coordinate system about ¥(x)
with coordinate functions (yi, ..., ¥m), then

WOl = vlgow) =Y az(gov)

= aiaa (goTloTo\Ilogp 1)
i Ot p(a)
R o [ N
o1 =1 9% ro(a) IV o(a)
where (s1,...,8,) are coordinates on R™
a 0 0
= tin—(9) 75— (y; o V)
i=1 321 0y, O; ™
“ 0
= v(yj o ¥)7—| (9)

Since this holds for all g € C*®(Y, ¥(x),R"),

M) = D ol 0 W)

Yj

j=1

and, in particular, d¥(v) is a tangent vector. Furthermore, it is clear that dWV is a linear trans-
formation X, — Yy (). Since

0 ) 0
dv (axl) _;5% (yjo¥) —

dy;

this linear transforination d¥ has matrix

(d\mzj = (% (yio \1/))
relative to the bases {0/0x; |i=1,...,n} and {0/0y; | j=1,...,m}.
Remark Let X, Y and Z be smooth manifolds. Let ¥ : X — Y and ® : Y — Z be smooth
maps. Then d(® o V) = dP o dV.
Proof Suppose v € X, and h € C®(Z,® o U(z),R'). Then

[d(®oW)(v)](h) = v(ho(PoW))=v(hod)oW)

d¥(v)(h o ®)
[d® (d¥(v))] (h)
= [(d® o d¥) (v)] (h).
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Remark Let X be a smooth manifold, and let U be open in X. Then U is itself a smooth
manifold. Moreover, the inclusion map i : U — X is a smooth map. Indeed, f € C™(X,R")
implies f|y € C*°(U,R"). Furthermore, the differential

di: T(U,ug) = T(x,up) for each ug € U

is an isomorphism; we shall identify these two linear spaces.

Exercise 2. If U is an open set in X and uy € U, construct a function h € C*(X,R") such that

1 if x € W an open set containing ug
h(z) =

0 ife ¢ U
Hint: Make use of the smooth function g : R — R! defined by

{e_l/t2 ift>0

£ —
90 =9, if£<0

If fi € C®(U,u,R), use Exercise 1 to show that there exists a smaller open set W and
f € C>(X,R") such that fly = fi|w.

Remark Let X be a smooth manifold, and let f € C*(X,R'). Let us compute df. For v €
T(X,7), df(v) € T(R', f(x)). Since T(R', f(x)) is 1-dimensional, df(v) = A (d/dr) for some
A € RY. To determine ), it suffices to evaluate df (v) on the coordinate function r : R! — R! as

follows. p p
A= ] 0 =) = stro )=o) = )=o)
Now T'(R!, f(x)) is naturally isomorphic with R! via the isomorphism
d 1
A— — A foreaach A € R
dr

Let us identify these two spaces through this isomorphism. Then df : T(X,z) — R' is a linear
functional on T'(X,x); that is, df is a member of the dual space T"(X,z) and is, as such, given
by

df (v) =wv(f) foreach v e T(X,x)
T*(X, z) is called the cotangent space at x.

Definition Let X be a smooth manifold. A smooth curve in X is a smooth map « from some
(open or closed) interval I C R! into X. If the domain of « is a closed interval [a, b], smoothness
of a means that a admits a smooth extension

a:(a—eb+e)— X.

(Note that open intervals are open sets in R! and hence are smooth manifolds.)

A broken C'*-curve in X is a continuous map « : [a, b] — X together with a subdivision of [a, b]
on whose closed subintervals « is a C* curve.

Example
alt) = (t,tsin1/t) ?f t € (0,1]
(0,0) ift=0
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is not a smooth curve in R? because it admits no smooth extension past 0.

Definition Let I be an interval in R, o : I — X be a smooth curve in X. The tangent vector
to a at time t (¢ € I), denoted by &(t), is defined by

E)

Note that &(t) is well defined, even at the endpoints of I.

Remark Given a tangent vector v € X, let o : I — X be a smooth curve whose tangent vector
at time t = 0 is v (Such a curve may be obtained by taking a coordinate system ¢ about z,

finding a curve (for example, the straight line) in R™ whose tangent vector at time 0 is dp(v)
and pulling this curve back to X by ¢~'.) Then, for f € C*(X,z,R"),

)=o) =da ((5) )1 = 517 0a)

0

Thus v(f) is the derivative of the “restriction” of f to the curve ar. Moreover, two curves a; and
a have the same tangent vector v at time 0 if and only if a;(0) = a5(0) and

d d

—(fOOZl) == %(fOO&)

y for all f € C(X,2R") (see Figure 5.2)
r

0 0

We may use this equation to define an equivalence relation on the set of all curves a with a(0) = x.
Then we get a one-to-one correspondence between equivalence classes of curves through z and
tangent vectors at x. Thus, we could have defined a tangent vector at x to be such an equivalence
class of curves through z.

Figure 5.2

§5.2 Differential Forms
Let X be a smooth manifold. Define (see Figure 5.3)

T(X)=|JT(X,z) and T%(X)=|]T"(X z)

zeX zeX
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T(X,z1) T(X,2,)

Figure 5.3

T(X) is called the tangent bundle of X. T*(X) is called the cotangent bundle of X.

A projection map w: T(X) — X is defined as follows. If v € T'(X), then v € T'(X, x) for some
(unique) x € X; set m(v) = x. Similarly, there is a projection map from 7*(X) onto X that we
shall also denote by 7.

A wector field on X is amap V : X — T(X) such that 7oV =iyx. A vector field V' is smooth if
for each f € C°(X,R"), Vf € C®(X,R"). Here V f is defined by
(Vf)(x) =V(z)f

A differential 1-form on X is a map w : X — T7(X) such that m ow = ix. A differential 1-form
w is smooth if for each smooth vector field V on X,

w(V) € C=(X,RY).
Here w(V) is defined by (w(V)) (z) = w(z) (V(z)). We shall denote the set of all smooth vector
fields on X by C*°(X,T(X)) and the set of all smooth 1-forms by C*°(X,T*(X)).

Exercise 3. Define a manifold structure on 7'(X) so that 7 is a smooth map and so that a vector
field V' is smooth if and only if it is a smooth map from X — T'X.

Hint: For ¢ : U — R" a local coordinate system on X, with coordinate functions (z1,...,z,),
define ¢ : 7 1(U) — R*" by

“ 0
¢(v) = (pom(v),by,...,b,), whereb,..., b, €R' are such that v = ;bzﬁ_xl

Remark 1. Let f € C*(X,R!). Then df € C>(X,T*(X)). For if V € C>(X,T(X)), then

df (V) = Vf e C%(X,RY.

Remark 2. C*(X,T(X)) and C*(X,T*(X)) are both vector spaces over the reals under the
operations of pointwise addition and scalar multiplication. For example, if Vi, V, € C*(X, T(X))
and if A € R!, then V; + V5 and AV; are defined by

(Vi + Va)(x) = Vi(z) + Va(z) and (AVh)(z) = A(Vi(x)) for each x € X.
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Remark 3. Let ¢ be a coordinate system on X with domain U and coordinate functions
(1,22, ...,x,). Then the following hold.

(1) (0/0x;) € C(U, T(U)) fori € {1,...,n}. 0/0x; is smooth because if
feCx(URY), then fop™ e C®(p(U),R"),

and, for each z € U,

{ai(f 4 - {8?3- (f 0901)} (ip())

= ||getroe]ov] @

that is,

()= o] op e W R,

(2) If V€ C(U,T(U)), then there exist functions a; € C=(U,R"), for i € {1,...,n}, such

that
u 0
V=g
izl a4 8ZEZ

These functions a; exist because {(9/0z;)(z) | 1 < i < n} is a basis for T(X, z). They are
smooth because (0/0x;)(x;) = d;j, so that

n n a
aj = Zai5ij = Zaia_xi(%) =V(z;) € C*(U,R).
=1 =1

(3) f V e C(X,T(X)), then V|, € C®(U,T(U)) by the previous exercise, and V|, =
Zai(ﬁ/axi) as in (2) with a; € C=(U,R").
i=1

(4) dz; € C(U, T*(U)) for j € {1,...,n} because z; € C*°(U,R"). Furthermore, {dx;} is at
each point the dual basis to {0/0x;} because

0 0
da; (8@) = 9z, ) = 0

(5) If w € C=(X,T*(X)), then there exist a; € C=(U,R') such that w = Zaidxi. These
i=1
functions {a; | 1 < i < n} exist because {dz;} is at each point a basis for the cotangent
space. They are smooth because

a; = Zajdxj (%) =w (8(3:) € C=(U,RY).

=1

(6) If f € C®(U,R"), then

n

df = %(f)dl“j

j=1 "7
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because df = Zajd:vj for some {a; | 1 < j <n}, and
j=1

= 0 0 0
o= Yot (5) = (57,) = 350

We have just seen that if f € C*°(U,R'), then df is a smooth differential 1-form. We now
introduce differential k-forms.

Review of Exterior Algebra Let V' be an n-dimensional vector space over the reals and let
V* denote the k-fold product V x --- x V.

Definition A function 7 : V¥ — R is called multilinear if for each j with 1 < j < k, for each

V1, ...y Uk, v; €V and A € R!, we have
. / — . . .
T(V1s e, V1, U F V5, Vi1, V) = T(U1, e U1, Vg, Vs - -+ V)
/
+ T(Ula s 7Uj—17vjavj+17 R 7Uk)7
T(Ul,. .. ,vj,l,)\vj,vjﬂ,. .. ,Uk) = )\T(Ul,. <oy Ujyen ,Uk).

A multilinear function 7 : V¥ — R is called a k-tensor on V, and the set of all k-tensors, denoted
T¥(V*), becomes a vector space (over R) if for each 7, n € Z*(V*), vy,..., 0 €V and X € R,
we define

(T4n)(v1,...,08) = 7T(vi,...,06) +n(v1,...,08)
(A7) (v1, ..., V) AT(v1, ..., k)

There is also an operation connecting the various spaces 7% (V*). If r € F*(V*) and n € T4(V*),
we define the tensor product T @ n € T*(V*) by

T ®77(U17 vy Uky Vk41, - - - avk-i-f) = T(Uh BRI 7'Uk?) ' 77(Uk:+1a s 7Uk+€) for all Ulyeno s Ut € V.

Note that the order of the factors 7 and 7 is crucial here since 7 ®7n and n® 7 are far from equal.

Exercise 4. Use the definition to show that if S, S;,S, € T*(V*), T, Ty, Ty € TYV*), U €
J™(V*) and X € R, then

(S1+45)@T = S$1T+5,®T
SR(MNM+T) = ST+ ST
AT = SRAT)=X(SxT)
(S@T)eU = Se((TeU)
Both (S®@T)®@U and S® (T ® U) are usually denoted simply S ® 7' ® U; higher-order products

Ty ® ---®T, are defined similarly. Note that .7 (V*) is the dual space V* and the operation ®
allows us to express 7*(V*) in terms of 7(V*) = V*.

Theorem Let {v;};"; be a basis for V, and let {¢; € V* | 1 <i < n} be the dual basis, i.e.

1 ifi=j

i(v) = 0ij =
piltg) = 0 {0 if i £ 7.
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Then the set of all k-fold tensor products

is a basis for .7%(V*), which therfore has dimension n".

Proof Since
. 1 if i1 =J1,...,0 = Jk
90i1®"'®<pik(vjlv“'7vjk):5Zi]1"'6ikjk: .
0 otherwise.

n

for any T' € 7%(V*), and for any vectors wy, ..., wy € V with w; = Z a;;vj, we have o (w;) = a;

j=1
and
n
T(wl, e ,wk.) = Z CLle s ak,jkT<vj17 Ce ’Ujk)
J1yesjk=1
n
= Z T(Ujla"'vvjk)'90j1®"'®90jk<wj17 '7wjk)‘
Jiy-esJke=1
Thus

T= Z T(Uim'-"vik).(pil®'“®(pik7

that is, Z = {p;, @ @4, | 1 <iy,...,4, <n} spans TF(V*).

Suppose now that there are numbers a;, ;, such that

Z Qi .0 Piy K- Pij, = 0 = Ajy..g, = Z iy .5, Pix Q@ Soik(vju S 7'Ujk) =0

114yl =1 11,5yl =1
Thus {¢;, ® - @ ;. | 1 <iy,...,i, < n} are linearly independent.
Remark Let V and W be vector spaces over R. If f : V — W is a linear transformation, then
a linear transformation f*: . 7%(W*) — 7%(V*) is defined by
T (vy,...,00) =T (f(v1),..., f(ux)) foreach T € T¥(V*) and vy,..., v € V.
Exercise 5. Show that

fFS®T)=fSe T foral S,T e T"V*).

Example Let (, ) : R” x R” — R be the usual inner product on R™. Note that (, ) € F*(R"),
(v,wy = (w,v) for v, w € R™ and (v,v) > 0 if v # 0.

In general, if V' is an n-dimensional vector space over R, we define an inner product on V' to be
a 2-tensor T such that T is symmetric, that is T'(v,w) = T(w,v) for v, w € V and such that T
is positive definite, that is, T'(v,v) > 0 if v # 0.

Theorem If 7" is an inner product on V, there is a basis {v; | 1 < i < n} for V such that
T'(v;,vj) = d;5. (Such a basis is called orthonormal with respect to T'.) Consequently, there is an
isomorphism f : R" — V such that

T(f(x), f(y)) = (x,y) forz,y eR" <= [T =(,).
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Proof Let wy, ..., w, be any basis for V. Use the Gram-Schmidt process to define

w; = wy #0 = T(wy,w)) >0,
T(w,wg)
2
T(w,wg)
wy = wg—zlm wy #£0 = T(wh,wy) >0, T(wy,wh) =0forl <l<2,
j—1
T (wy, w;) :
wi = wj— lmwué%o:>T(w;,w;-)>0,T(w2,w§):0for1§€§]—1,

s
ol

Since {w;} is a basis for V, w; # 0 = T'(w}, w;) > 0 for each 1 < i < n. Also it is easy to check
that if i # j, then T'(wj,w}) = 0, i.e. {w;} is an orthogonal basis for V. Now define

v; = —— = {v;}}_, is an orthonormal basis with respect to 7.

The isomorphism f may be defined by f(e;) = v;, where {e;} is the standard basis for R™.

Definition A k-tensor 7 € F*(V*) is called alternating (or skew-symmetric) on V if for all
v1,...,0 € V,and for any 1 <1 < j <k,

T(V1, ooy Uiy ey Uy V) = — (U1, Uy e Uiy e, U)

Let A*(V*) = {r € T*V*) | 7(v1,.. ;05 s 0jy o 08) = — (V1,05 0, oo, sy .o, Ug) } denote
the set of all alternating k-tensors. Then it is clear that A*(V*) is a subspace of .FT*(V*).

For each 7 € .Z7%(V*) and for all vy, ..., v; € V, we define Alt (1) by

1 or 1 g
Alt (1) (v, .., 08) = I Z SEN O T(Va(1), - - > Va(k)) |= i Z (=17 T(Vo(1)s - - - Vo(k))

- gES) ’ €Sy,

Exercise 6. Show that if 7 € Ak(V*), v1...,v0 € V and v; = v; for some 1 <i < j <k, then

T(V1, ooy iy ey Uy, U) =0

Theorem
(1) If 7 € T*(V*), then Alt (1) € AR(V).
(2) If w € A*(V*), then Alt (w) = w, i.e. Alt Ak = 1d [ qr ey -
(3) If 7 € T*(V*), then Alt (Alt (7)) = Alt (7).

Proof For 1 <i < j < mn,let o9 = (i,j) € Sk be the permutation that interchanges 7 and j and
leaves all other numbers fixed, i.e.

0 A4,
i ifl=j
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(1) For each o € Sy, since

0909 =1id = 00_1:00,

there is a unique ¢’ = o - 0y € S}, such that o = o’ - 0y.

Al (1) (v1, .o 0, iy, )

1
H Z SgnO'T(’Uo(l), <oy Ug(G)s - oo s Ug(i)y » o - 7Uo(k))

ocESk

1
E Z sgn o T(Ua’-ao(l)a ey Usliog(j)y o+ o3 Voloog(i)y » - - ,Ug/.oo(k))
’ o€Sk

1
E Z SgnUT(UUI(l), coy Ugl(i)s e ooy Ugl(G)s - v - ,Ua/(k))
’ oE€S}

1

E Z sgn (O'/ . O'()) T(Ugl(l), e ,Ugl(i), e ,’Ugl(j), e ,Ugl(k))
’ o’eSk

1 ) /

0 Z —SgN 0" T(Vgr(1)s - - 3 Vol (i) - - - s Vo (5)5 - - - » Vol ()
) o'eSk

—Alt (1) (vg, ..., v8)

(2) If w € AF(V*), 09 = (i,§) € Sk and vy, ..., v, € V, then

w (vgo(l), . ,vao(k)) =sgnog - w (vy, ..., ).

Since every o € Sy is a product of permutations of the form (7, j), we have

Therefore

w (va(l), e ,Ug(k)) =sgno-w(vy,...,v;) forall o€ Sy.

1
Alt (w) (v1,...,08) = ] Z sgn 0 W(Vs(1), - - - 5 Vo(k))

" o€eSs),

1
= 7 Z sgno -sgnow(vy,...,v)

‘O'ESk
= Cd(fl)l, ce ,’Uk)

(3) follows immediately from (1) and (2).
Definition Let w € A*(V*) and n € AY(V*). Define the wedge product w An € AFF(V*) by

(k+0)! '
wAn= 7 Alt (w®mn).

Exercise 7. Let V and W be vector spaces over R, f: V — W be a linear transformation, and
let w, wy, wa € AF(W*), n, m, na €€ AY(W*) and a € R. Show that the following equations hold.

(Wi +w)An = wi An+wy A,
WA(m+n) = WwAn+wAn,

aw An wAan=a(wAn),
wAn = (-D)"nAuw,
frlwnn) = frw)Af ().
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Theorem
(1) If S € F¥(V*), T € 7%V*) and Alt (S) = 0 then
A (S®T)=Alt (T® S) =0.
(2) fwe T*V*),ne T5V*) and § € T™(V*), then
Alt (At (w®n)®0)=Alt (We®n®0)=Alt (W@ Alt(n®0)).
(3) Ifw e A*(V*), n e AYV*) and 0 € A™(V*), then

(k+ 0+ m)!

(WANANO=wA(nAE) = T -Alt (W RE).

Proof

(1) For vy,..., vy €V, since

(k+O!AR(S @ T)(v1, - - -, Vpte) = Z g0 S (Vo(1)s - - -5 Vo(k)) * T (Vo(kt1)s - -+ Vokts))

O'ESk+g

Let G = {0 € Spye | 0(j) = jifk+1 < j < k+(},ie. G consists of all o which leaves
k+1,...,k+/¢fixed. Then G C Sk, is a subgroup of Si¢, G = Sk (i.e. there is an isomorphism
mapping each o € G to ¢’ € Sy) and

Z sgno S(UU(I)7 SR UU(k)) ' T(“U(kJrl)? R UU(kJrE))

oceG
= Z sgn o S(UU(1)7 s JUO'(k)> ' T<vk+17 B Jvk—i-f)
ceG
= Z sgn o’ S(Ver1), - Vork)) | - T(Vkgs - - -, Vkpe)
o' €Sy

= klAlt (S)(Ul, N ,Uk) . T('Uk+1, e ,U]H_[) =0
Suppose ¢ & G. Let G - 09 = {0’ - 09 | 0’ € G}, i.e. aright coset of G in Sy, and let

UUQ(I) = Wi, - 7U00(k+€) = Wk

Then

Z sgno 5(%(1), ceey Ua(k)) : T<Ua(k+1)7 ceey UU(k—i—Z))

o=0'-00€G-09
= Sgn0oyp Z sgn o' S<wo"(1)7 s 7w0’(k)) ’ T(wo’(k+1)7 S 7wo’(k+ﬂ))

o'eG

= |S8L0g ZSgHU,S(wa'(l),---,wa/(k)) “T(Whgts - -5 Wet)
o'eG

= (=1) KNALt (S)(v1, ..., 0k) - T(Vks1y - o Vpye) =0

Notice that G NG - 0y = 0. In fact, if 0 € G NG - 0y, then there exists a ¢/ € G such that
oc=0-0y = opg=o0-" (J’)_1 € (G, a contradiction. We can continue in this way, breaking Sj.,
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up into disjoint subsets (i.e. right cosets) such that the sum over each right coset of G in S is
0, so that the sum over Sy, is 0. The relation Alt (T'® S) = 0 is proved similarly.

(2) and (3) Since

Alt (At(n®0) —n®d)=Alt(n®6) —Alt(n®60) =0

0=Alt (wWR[Alt(n®0) —n®0]) =Alt (W Alt(n®0)) —Alt (w@n®0)
Alt (w@ Alt (n®0)) = Alt (w®n®0)

(k+ 4+ m)! (£+ m)! (k+ 0+ m)!
Al Al = — Al
EL(0+m)!  0'm! t (w®Alt (n@0)) L0l m)! t (wen®o)

—
—_
~

[N

wA(nAb) =

and similarly since

Alt (At (w®n) —wen) =Alt (wen) —Alt (w®n) =0

—
—_
~

= 0=Alt (At (w®n) —wan ®0) =Alt (Alt (W@ n) @) —Alt (wR N H)
— Alt (At (w®n)®0)=Alt (W)
(k+0+m)! (k+0)! (k+ 0+ m)!
= Alt (Al == Al
= WANNG =T T Al Al e ) ©6) = T Al (e ©6)
Exercise

8. Let ¢ € V* = AY(V*). Show that p A ¢ = 0.
9. Let 7 € A*(V*) and p € AY(V*). Show that u A7 = (—1)*7 A p.

Remark Naturally wA (n A 0) and (w A n) Af are both denoted simply w An A6, and higher-order
products wy A - -+ A w, are defined similarly. If vy,...,v, is a basis for V and ¢1,..., ¢, is the
dual basis, a basis for A¥(V*) can be constructed quite easily.

Theorem For k < n, the set
{oia A Ay | 1<y <ig <-+- <i, <n}

is a basis for A*(V*), which therefore has dimension

(+)

Proof If w € AF(V*) € 7%(V*), then we can write

w = Z Qiy,..., lk(pl1®®¢lk

1<t <n

= w=Alt (w) = Z Qiy,..., ikAlt (901'1 K- Spik)
1<i1,...t.<n

1

== w=4 Z Uiy,.iwPin N N iy,
1<t ip <n
1

— W= Z bu ..... ir Pi ARBRNAN Pigs where bi1---ik E Z (_1)0%0(1)--%(@’

1<ii<-+<ig<n T o€ESy

and we have used the fact that p; A p; =0 for all 1 <i <n.

Page 16



Geometry II Chapter 5 Lecture Notes(Continued)

If Z @iy i Piy N AN i, =0, then for any 1 < j; < -+ < jp <,

1< << <n

Z Qg ..y, (Qph /\"'/\Qoik) (Uy'l?"'?Ujk) =0

1<ip < <ip<n

= k! Z ail---ikAlt (901'1 ® "'®90ik) (Uj17"'7vjk) =0

1<y < <ip<n

= 0= Z Qg ..y, Z (_1)(7@1'1 (Ujo(l)) © Py (Uja(k)>

1<) << <n c€Sk

P . . — o . . ... . . — . .

— 0= § @iy ...y, § (=1) 5@1%(1) 5@1&;@) = Qjy. gy
1<i1 <<, <n c€Sk

_— ajl.--jk:() foralll§j1<"'<jk§n

Thus, {p;, @+ ®@;, | 1 <ip,...,ix < n} are linearly independent and form a basis for A*(V*).

Remark If V is an n-dimensional vector space over R, then dim A" (V") = 1. Thus all alternating
n-tensors on V' are multiples of any non-zero one. Since the determinant is an example of such
a member of A"(R"™), it is not surprising to find it in the following theorem.
Theorem Let {v;}; be a basis for V, and let w € A"(V*). If w; = Z a;;v; are n vectors in V,
j=1
then
w(wy, ..., wy) =det(a;) - w(vi,...,v,)

Proof Define n € 7" (R") by

n n
n (a1, s a1n), - (@p1y ooy Q) = w (Z ajvj, . .. ,ZanjUJ)
j=1

j=1
Clearly n € A"(R"), so there is a A € R such that

n

n=A-det = A=rn(e,...,e,) =w(vy,...,v,), where {e;} is the standard basis for R".
Remark

(1) If we set 9(V*) = Z@Ak(v*), where A°(V*) = R', then 4(V*) is generated by 1 and
k=0
AN (V*) 2 V* with dim%(V*) = 2". Also note that the wedge product A can be extended
to 4 (V") by linearity, that is, by requiring that A be distributive with respect to vector
addition. This multiplication A is associative and ¢ (V™) is an algebra, with unit 1.

(2) If L: V* — V" is a linear transformation, then L induces a unique algebra homomorphism
L:9(V*) — 4(V") which extends the map L. L preserves degrees; that is, L : AV —
A*(V*). In particular, L : A"(V*) — A™(V*). Hence, since dim A™(V*) = 1, there exists a

scalar A\ such that E‘ W = Aipn(v+). This scalar A is precisely the determinant of L.
A (V>
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(3) The algebra ¢ (V™) is called the Grassmann algebra, or exterior algebra, of V*. Elements of
«(V*) are called forms on V. Forms in A*(V*) are said to be of degree k.
Now let X be a smooth manifold,

AMX) = | AT (X,2)), and 9(X) = | 4(T*(X,2)).

zeX zeX

As usual, we shall denote the projection maps from these spaces on to X by 7. These spaces
can each be given the structure of a smooth manifold such that 7 is a smooth map.

Definition A k-form on X is a mapping p : X — A¥(X) such that 7o u = ix. A k-form p on
X is smooth if whenever Vi, ...,V are smooth vector fields on X, then

p(Vi, ..., Vi) € C®°(X,RY),  where u(Vi,...,Vi)(x) = u(z)(Vi(z),..., Vi(z)).

A differential form on X is a mapping w : X — ¢(X) such that 7 o w = ix; it is smooth if
its component in A*(X) is smooth for each k. The set of smooth k-forms on X is denoted by
C*>(X,A"(X)). The set of all smooth differential forms is denoted by C*°(X,%(X)). Note that
C>(X,A*(X)) is a vector space under pointwise addition and scalar multiplication, and that
C*(X,9(X)) is an algebra under the additional operation of pointwise exterior multiplication.

Remark 1. A O-form on X is just a real-valued function on X; it is a smooth O-form if and only
if it is a smooth function.

Remark 2. Let ¢ be a local coordinate system on X, with domain U and coordinate functions
(1,...,2y,). Then {dxy,...,dz,} is a basis for T"(X, z) for each x € U. Hence

{dxiy N Ndx;, | iy < --- <} is a basis for A*(T*(X,x)) for each x € U.

Thus, the restriction to U of each k-form g on X can be expressed as
Z iy ..y, dl’,‘l VANERIVAY dl’ik,
i1 < <dp,

where each a;,...;, is a real-valued function on U. Furthermore, p is smooth if and only if, for each
(¢, U), @iy, € C°(U,R"). This is because

R S
Yot =W\ Qa0 )

Theorem 1. Let X be a smooth manifold. There exists a unique linear map d : C*°(X,9(X)) —
C*(X,9(X)), called the exterior differential, such that the following properties hold.

(1) d: C=(X, A*(X)) = CF(X, AMH(X));

(ii) d(f) = df (ordinary differential) for f € C®(X,A°(X));
1) if
v) d

(iii) if p € C'OO(X A*(X)) and T € C®(X,9(X)), then d(u A7) = (du) A7+ (—1)" A dr; and
(i

Remark For the proof we need the following lemma, which asserts that for any exterior dif-
ferentiation operator d, (dw) (x) depends only on the behavior of w in a small neighborhood of
x.

Lemma Let d : C*(X,9(X)) — C*(X,9(X)) be linear and satisfy the conditions of the
theorem. Suppose w € C*(X,¥ (X)) is such that w|y = 0 for some open set W C X. Then
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(dw) |w = 0. Hence, if w, 7 € C*°(X,¥ (X)) are such that w|y = 7|w for some open set W, then
(dw) lw = (d7) |w
Proof Suppose w|w = 0. Let 2 € W. Let f € C*°(X,R') be such that

f(x):{; ii;;ﬁ — (fw)(x)=0 forallze X

Since d is linear satisfying (ii), (iii) of the theorem,
0=d(fw)=(df ) \w+fdv = d(w)(x9) =0 = (dw)|w =0 since z; is an arbitrary point in W.
If wlw = 7|w, then (w—7) |w = 0, so that

[d(w —7)llw = [dw —dr]lw = dwlw = dr|w.

Proof of Theorem 1.

Uniqueness. Suppose d : C°(X,9(X)) — C(X,¥ (X)) satisfies the conditions of the theo-
rem. Let z € X, and let ¢ be a local coordinate system about x with domain U and coordinate
functions z1,...,z,). Let w € C®(X, A*(X)). Then the restriction of w to U can be expressed
as
wl, = Z iy, Ay A - ANdz,,  for some a,..;, € C°(U,RY).
i <<y

Now the right-hand side of this equation is not a differential form on X, so we cannot apply
d to it. However, let U; be an open ball containing = with U; compact and U; C U, and let

g € C™(X,R") be such that
1 for z € Uy,
g(x) =

0 forx ¢ U.
Then & € C(X, A*(X)), where

=Y (9ai.i,) d(gzi) A+~ Ad(gr,).

1< <ip

Here, by gh, for h € C*°(U,R"), is meant the smooth function on X defined by

) g(@)h(x) ifreU,
(gh) (@) = {0 itz ¢ U

Furthermore, @|;, = w|y . By the lemma, (dw)|,, = (dw)l;, - Now

do = Z d[(gai,..iy,) d(gziy) N+~ ANd((gzs,,)]  (by linearity)

1< <ig

= Z d(ga..i,) Nd(gziy) N Nd(gx;,)
1 <---<ip
+ > (90i-,) dd(gzi) A--- Ad(gws,)]  (by Property (iii)

i< <ig

= Z d(gag..;,) Nd(gzy) N Nd(gz;,),

11 <<t
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since each term of the second sum is zero by Properties (i7) and (iv). In particular, since g is
identically 1 on Uy, and since (dw)|,;, = (d@)ly, ,

(dw)ly, = Z Z oz, (@) dxy Ndxy, Ao N day, .

i1<---<ip j=1

Thus if d exists, its value at  on k-forms must be given by this formula. Since x was arbitrary
in X, and since every differential form is a sum of k-forms, k£ € {0, 1,...,n}, uniqueness is
established.

Existence. We first define d locally. Let ¢ be a local coordinate system on X with domain
U and coordinate functions (z1,...,x,). (Note that U is itself a smooth manifold.) Define
dy : C*(U,9(U)) = C*(U,¥4(U)) as follows. For

Z Ay ..y, dx'h VANRRIIVAY dxlk € COO(U, Ak(U)),

i1 <<

define

dyw = Z Z oz, (@iyiy,) dxcj Ndxy, N - N day, .

11<-<g J=1

Extend dy to C*(U,%(U)) by linearity. Then Properties (i) and (i7) are clearly satisfied. To
verify (i7i) and (iv), note first that each form in C*(U,¥4(U)) is a sum of forms of the type
Qjy.iy, A3 N - - Adz;, . By the linearity of diy, together with distributivity of exterior multiplication
with respect to addition, it suffices to check (7i7) and (iv) on forms of this type.

Property (iii). Suppose

K= Q.. dxil N A dl’lk and 7= bjl---jg dl’jl VANIEEIAN d.??je.

Then
dU (,u A T) = dU [ail...ik bjl-"jedx’il VANEIEIVAN dl’lk A d.le A A dxjg]
T o 0
- Z {87 (all%) bjl'"jz + a’il“'ik% (bjl”‘jé):| dx, N dxh ARERRA dxik N dle ARERRA dsz
r=1 T T

SN,
== (Z 87 (alllk) dl‘r VAN dl’il VANRRIVAY d$1k> A (bjl“'jz dle VANRREIVAY dl’jé)
r=1 r

SN,
+ (—].)k (ail.,.ik dl’il A A d.fzk) A\ (Z % (bjl"'j£> d.T,« A del A A dl‘j@)
r=1 r
= (dyp) AT+ (=D A dyr.
Property (iv). For u = aj,..;, dvy, A--- Ndzy,,

dép = dy [Z % (@iyoiy,) dxye Ndzig N+ A dxik]
r=1 r

"9 [0
1 s r

r,s=
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But certainly the terms in this expression with r = s are zero, since dz, A dx, = 0. More over,
for r # s, the equality of mixed partial derivatives on R™ implies that

0 0 0 0

8IS a_ZL‘T (a“zk) = 8_1;8_1'5 (azlzk) s

so that
o 0 0 0

oz a_ZL’T (alllk) dxgs N\ dz, = _8JIT 8_378 (alllk)

thus the remaining terms match up in pars which cancel each other.

dx, N\ dxg;

Thus the operator dy has Properties (i)—(iv). By uniqueness, every linear operator on C*°(U, ¥4 (U))
having these properties must be given by the above formula. In particular, if U; is any open
subset of U, the ¢|y, is a coordinate system, and dy, : C*(Uy, 9 (Uy)) — C*(Uy,9(Uy)) is given
in the coordinate system ¢|¢,, by the same formula. Thus if w € C*°(X,9(X)), then

du, (wloy) = (du (@[v)) [0 -
This relation enables us to define d globally by (dw) |y = dy (w|v) for all w € C*°(X,¥(X)) and

any coordinate neighborhoods, then

(du (wlv)|yay = doav (Wlyay) = (dv (wlv))lay -
Clearly, d has the required properties, since dyy has them for each U.
Digression on Vector Analysis

Definition A volume element of T is a choice of basis in A" (T™) ; since A" (T™) is 1-dimensional,
a volume element is a choice of a nonzero element in A™ (7).

Example If T is the tangent space to a manifold and {dxq,...,dz,} is a basis for T*, then
dxiA- - -Adxy, is a volume element of 7. (Note that a volume element w determines an isomorphism
A" (T*) = R', where rw corresponds to 7. Conversely, such an isomorphism defines a volume
element w corresponding to 1.)

Remark Given a volume element w of T since A' (T*) = T*, dim A"~ " (T*) = dim A' (T*) and
T is isomorphic to its double dual 7**, there exists a natural isomorphism m : A" ' (T*) — T
defined as follows. For ¢ € A" (T*), ¢ € T*, m(yp) is then defined by

[m(¢)] (v) = A, where A is the real number such that ¢ A = Aw = A1 A -+ A .

To show that m is an isomorphism, let {1, ..., ¢, } be a basis for T* such that w = p; A+ - Ag,.
Then the set {¢1 A+~ Apj 1 Apji1 A Ay} is a basis for A"7! (™). The value of m on these
basis vectors is then given by

ML A A A A Apn) = (=1)" ey,
where {ey,...,e,} is the basis for 7" dual to {¢1,...,¢n}.

Remark Given an inner product (, ) on a finite dimensional vector space T, there exists a
natural isomorphism g : 7" — T™ defined by

[g(v)] (w) = (v,w) for v,w e T.

If {e1,...,e,} is a basis for T, let g;; = (e;,€;), (1 <i,7 <n). Then in terms of the dual basis
{¢1,...,pn} for T%,

gle) = gijp; for1<i<n.
j=1
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In particular, if {es, ..., e,} is orthonormal, then g;; = J;;, and

K

gle:) = pi.

Applications Take T = R". Then T has an inner product and a natural volume element
w = @1 A A p,, where {p} is the dual basis to the natural basis {e;} for R". Thus the
isomorphism m and g are defined. Also, we have natural identifications T'(R",z) <— R" for
each z € R".

(1) Let f € C*®(R™,RY). Then the gradient of f is the vector field on R™ given by

grad f = g~ o (df).

Relative to the usual coordinates (z1,...,z,) = (r1,...,7,) on R
_ _ " of " Of 0 of of
— o1 — o1 | = JRNEN e .
gradf =g o (df) =g © (]Zl axj dl’]) ]Zl al'j axj <8{E17 ) 6xn

(2) Let V be a vector field on Take R®. Then g oV is a 1-form and d (g o V) is a 2-form. Now
for dimension T' = 3, A*(T*) = A"~ !(T*), so the isomorphism m maps A*(T*) — T. Thus
m (d(goV)) is a vector field on R3. Tt is called the curl of V.

curl V.= (modog) (V).

Exercise 10. Compute the coordinate expression for curl V.

(3) Let vy = (a1, b1, ¢1) and vy = (ag, by, c2) be vectors in R?. Then g(v;) and g(vp) are 1-forms.
Their exterior product is a 2-form; its image under m is a vector, called the cross product
of v1 and vs.

v1 X vy =m(g(v1) A g(vg)).

(4) Let V be a vector field on R”. Then m (V) is an (n — 1)-form on R". Its differential is
an n-form; that is, a multiple of the volume element w. This multiple is(up to sign) the
divergence of V:

(=) dom (V) = (divV) w.

Remark Using these formulas, certain important formulas of vector analysis become trivial
consequences of d* = 0.

e curlgrad f = 0 since
curlgrad f =modog (g~ o (df)) =m (d*f) = 0.
e divcurl V = 0 since

dom ' (curl V) =dom (modog(V))=d* (g(V)) = 0.
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Definition Let X and Y be smooth manifolds, and let ¥ : X — Y be a smooth map. Then an
induced map U* : C®°(Y,9(Y)) — C(X,¥9(X)) is defined as follows. For f € C°(Y,A°(Y)),
U*(f) = fo; for we C(Y,A*(Y)), k >0,

(U'w) () (v, ..., o) = w (V(x)) (dY(v1),...,dV(vg)) forvg,...,vp € T(X,2), v € X

U* is extended to C*°(Y,¥4(Y)) by linearity.
Remarks It is easy to check that, if w is a smooth differential form, then so is ¥*w. It is clear that
U* maps k-forms into k-forms. In fact, it is easily checked that U™ is an algebra homomorphism;

i.e. U* is linear and
U (wAT)=(V'w) A (¥*r) forall w, 7.

Example Let (z1,..., ,) and (y1,. .., Ym) be coordinate functions of R™ and R™, respectively,
and let f : R" — R™ be a differentiable function. Then f induces a linear transformation (called
push-forward) f. : R} — RY¥,,, defined by

fi(vp) = (Df(p) ()4 for v, = (p, v) € R* xRy

This linear transformation induces a linear transformation (called pull-back) f* : A" ( i )) —

p
A*(R?). If w is a k-form on R™ we can therefore define a k-form f*w on R" by (f*w) (p) =
[ (w(f(p))), that is, if vy,..., v € R}, then we have

frw®) (v, o0) = w(f(p) (fulvr), - - o filvr).)
Thus

(1) if f: R™ — R™ is differentiable, g : R™ — R is a function, 1, w, w; and wy are differential
forms on R™, then

*(dy;) ZD fi-da; = gf’ - da; for each 1 < i < m.
Proof For each v, = (p, ) CR" x xR, 1 <i<m,
[ (dy:) (p) (vp)
= dy; (f(p)) (fivp) = dy: (f (Z vj - Djfi(p Zvj Dj fum(p )
1)
= dy; (f (;Zlu] D, fi(p > ivj D; fi(p ZD fi(p) - dx;(p) (vp)
j fw)

— [ (w1 +w2) = " (w1) + f* (wa) .
—fg-w)=(gef) frw
= [TwAn) = oA,
(2) if f:R"™ — R" is differentiable and h : R" — R is a function, then

ff(hdxy A--- Ndxy) = f*(h) - (fdzy) N+ A (fdxy,)
j=1 j=1

where det (D; f;) is the determinant of the n x n matrix (9f;/0z;),; ;<, -
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Theorem 2. Let X and Y be smooth manifolds, and let ¥ : X — Y be a smooth map. Then
doWU* =U*od.
Proof (1) If f € C®(Y,A°(Y)), then for v € T(X, z),

Ao (f](v) = [d(fou)()

df o d¥] (v) (since d on functions is ordinary differential)
v (df)] (v)

(W o d) ()] (v)

(2) For w a 1-form on Y of the type w = df,
(do¥")(w) = d(¥"(df))

and

(T 0 d) (w) = T (dw) = T* (ddf) = T* (0) = 0.

(3) Using (1) and (2), together with the fact that U* is an algebra homomorphism, the re-
sult is established in general by checking it locally on k-forms w restricted to local coordinate
neighborhoods:

w]U = Z Ay .oy, d$i1 /\/\dﬂ?lk

11 < <ip

Definitions Let X be a smooth manifold. A smooth differential form w on X is closed if dw = 0.
A form w is ezact if it is the differential of another form on X; that is, w is exact if w = dr for
some smooth form 7. (Note that every exact form is closed, since d* = 0. The converse question
is fundamental to our subject.) Let

o 7"(X,d) = {w € A*(X) | dw = 0} be the vector space of closed k-form on X,

o B¥(X,d) = {w € AN*(X) | w = dr, for some 7 € A" '(X)} be the vector space of exact
k-form on X, and note that B*(X,d) C Z*(X,d) because d*> = 0,

o H*(X,d) be the k™ De Rham cohomology group of X defined by
HY(X,d) = Z"(X,d)/B*(X,d) = {[w] |w € Z"(X,d)},

where [w] C Z%(X,d) is the equivalence class of w and a closed k-form w; € [w] <=
W) —w € Bk(X, d), i.e. w; —w is an exact k-form. Its dimension, which we shall see is finite
for compact X, is called the k" Betti number of X.

Remark Although these cohomology groups are defined in terms of the manifold structure of
X, they are topological invariants; that is, if two manifolds are homeomorphic (by a necessarily
smooth homeomorphism), then they have isomorphic cohomology groups. In fact, these groups
can be defined directly using only the topological structure of X.

Example 1. H°(X,d) = R" if X is connected. For since there are no forms of degree less than
0, BY(X,d) = 0. Thus

HY(X,d)=Z°(X,d) = {f € C*(X,R") | df = 0}.
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If U is any connected coordinate neighborhood of X, with coordinate functions (z1,...,x,), then
df =0 on U means

"0
0=df = 2_; 7o, ) dois

that is, (0/0x;) (f) = 0 for all 1 < ¢ < n. But this implies that f is constant on U. Since X
is connected, and since f is constant on each connected coordinate neighborhood in X, then f
must be constant on X; that is, Z°(X,d) = {constant functions on X} = R'.

Example 2. H°(S',d) = R!, where S' is the unit circle. For since there are no nonzero k-forms
on S! for k > 1, ZY(S',d) = C*(S', A}(S')). Moreover,

BY(S',d) = {df | f € C*(S",R")}.
Now, if § denotes the polar coordinate on S*, then 9/96 is a nonzero vector field on S*

3
a6

)

Figure 5.4

and its dual 1-form df is a nonzero 1-form on S' (see Figure 5.4). Furthermore, df is not exact
(since # is not a periodic), but, given any 1-form w = ¢(6)df on S', w — (cdf) is exact for some
ceR'ie we€cdl] <= w—(cdh) =df € B'(S',d) < g(0) —c = df /08 for some periodic
function f on S'. Thus

ZY(SY,d)/B'(S',d) = {cdf | c € R'} = R".

1 2w
Exercise 11. Verify the above facts by taking ¢ = 2—/ g(0)de.

T Jo
Remarks Let 1) : X — Y be smooth. Note that

e if wis a closed k-form on Y, since d (¢Y*w) = ¢* (dw) = ¥* (0) = 0, Y"w is a closed k-form

on X,
e if w = d7 is an exact k-form on Y, then ¢ (w) = ¢* (dr) = d(¢¥*(7)), Y*w is an exact
k-form on X,

This implies that
V* o Z8Y,d) — Z8(X,d), ¢*: B*(Y,d) — B*(X,d)
and ¢* induces a linear map @ on cohomology, such that

U Z8Y,d)/B*(Y,d) — Z*(X,d)/B*(X,d); thatis, ¢ :H"(Y,d) — H*X,d).
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IfS: W — X and T : X — Y are smooth, it is easy to check that (T o S)* = S* o T*, and hence

—_——

(ToS)=SoT:

w
ZM(W,d), B¥(W, d)

X K
Z8(X,d), B*(X,d) & Z%v.d), BX(Y,d),
r

To g Lo

H*(W,d) H*(X,d)
Thus we have attached to each smooth manifold X new algebraic invariants H*(X,d) such
that given smooth maps between manifolds, there are induced algebraic maps between these
algebraic objects. As in the case of the fundamental group, we are thus able to solve certain
difficult topological problems by studying their algebraic counterparts.

Now let us show that H*(R",d) = 0 for all & > 0. Since R” is diffeomorphic (isomorphic as a
smooth manifold) with the unit ball B;(0) = {z € R" | ||z|| < 1} about 0 in R", we may as well
show that H*(B,(0),d) = 0 for all k > 0. For this we need the following technical lemma.

Lemma Let X be a smooth manifold. Then, for each k, consider the maps

C™=(X, AP (X)) L C=(X, AP (X)) =5 (X, AFH(X))
hr_1 hy

Suppose there exist linear maps
h; : C*(X, ANTHX)) = C®(X, N (X)) (j=k—1ork)

such that hy o d + d o hy_; is the identity map on C*°(X, A*(X)). Then H*(X,d) = 0; that is
every closed k-form is exact.

Proof For k > 1, suppose w € C®(X, AF(X)) is closed. Then

w=(hyod+dohyy)(w) = hy(dw) + d(hy-w) = d (w) € B*(X,d) = H*(X,d) =0
Remark If a sequence of such linear maps h; is defined for all j > 0, the sequence h; is called a
homotopy operator.
Theorem 3 (Poincaré’s Lemma) Let U = B;(0) C R™. Then H*(U,d) = 0 for all k& > 0.

Proof To construct maps hy_1, hy satisfying the conditions of the lemma, since these maps are
to be linear, it suffices to define hy_; on forms w = gdz;, A --- A dx;,; similarly for hy. For such
w, set

1 k 1
hi—1 (w) (z) = (/ th=1 g(tz) dt) = (=1 (/ t*=1g(tx) dt) Ty, drg A Ndxg A - Ndxg,
1 0

0 J
k: .
where p = Z (—1)J_1 T, dagy A---Ndxg, A+ - - Ndxg,, d;; indicates that the term dx;; is omitted
=1

and note that

k k
d,u:Z(—l)j_ldxij/\dxil/\--~/\d/xz\»]./\---/\dx,-k:deil/\---/\dxik:kdxil/\---/\dxik.

j=1 j=1

The map h;, is defined similarly by replacing k& everywhere by k + 1.

Page 26



Geometry II Chapter 5 Lecture Notes(Continued)

Now, for w = gdx;, A -+ Adz;, € C°(U,A*(U)) and x € U,

om0 = af([ ¢ gt ae) ]

n 1 1
=¥ ai (/ " g(tx) dt> day A i+ (/ t* g(tx) dt) dyu
=1 Tt \Jo °

n

=y (/01 k=t (% (g(tx)) dt) drg A pu+ (/01 t*1 g(tx) dt) dp

/=1

n 1
— Z(/ 99 (tx) dt)dl’g/\/l—i—k(/ tk_lg(tx)dt)dxil/\--~/\dxik,
0 Oy 0

/=1

(hgod) (w) (x) = (Z o, dry Ndxy N--- N\ d:pik)

= (/ tk g—g (tz) dt> [Tedxi, N+ Ndag, —dag A
7 \Jo

xr
— ¢

Thus

(dohpy+hyod)(w)(z) =

1 n L9
k (/ th=1 g (tx) dt> + </ th =L (ta) dt> dxi, A+ Ndzy,
0 — \Jo O
4

d g
g7 [t g (tz)] dt} dxy, N+ Ndzy,

= tkg(tx)‘(l)dmil A Ndxy, = g (x)dzy, A~ Ade;, = w(x)
for all x € U. Since do hy_1 + hj, od acts as identity on such w, it acts by linearity as identity on
all k-forms.
Remark 1. Given a vector space V and v € V, v defines a map, called interior multiplication,
i(v) : AR(V*) — AL V) by

[i(v)(w)] (vl,.. JUk—1) = wW(V, U1, ..., V1)

= szja/ﬁx% sz (0/0x,)(gdxsy N -+ Ndwy,)]

- Z (=1 (/0 t*=1 g(tx) dt> Ty, dyy N Ndxgg N - Ndag, = by (w) (),

Jj=1

that is, i is a bilinear map V ® A*(V*) — A*~1(V*) and the map h;_; was obtained by applying
i(z) to w and averaging over the line through the origin in the direction z.

Remark 2. Poincaré lemma is a special case of a more general result. Let U be a smooth
manifold. Suppose there exists a smooth map ¥ : U x I, — U, where I, = {r e R' | —e < r <
1 + ¢}, such that U(u,1) = u for all v € U, and ¥(u,0) = up for all u € U; some ug € U (see
Figure 5.5). Then H*(U,d) = 0 for all k > 0. The map V¥ is a smooth homotopy. This theorem
says that if U is smoothly homotopic to a point, then the cohomology of U is that of a point.
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In the case covered by Poincaré lemma, a smooth homotopy is given by

U(z,t) =tz (t € l;x e Bi(0)).

Note that the above proof of Poincaré’s lemma works equally well for a star-shaped region, that
is, an open set U such that for some zy € U, the line segment joining z( to any other point in U
lies completely in U.

§5.3 Miscellaneous Facts

Theorem 1. Let X and Y be smooth manifolds, with X connected, and let ¢ : X — Y be
smooth. Assume di) = 0. Then 1 is a constant map; that is, ¥ (z) = yo for some yo € Y and for
all x € X.

Proof Let 1 € 9(X). Then ¥ () is a closed set in X. We shall show this set is also open,
hence ¢ (y9) = X since X is connected.

Suppose zo € ¥ *(yo). It is sufficient to find an open set U in X such that xp € U and U C
¥ (yo). Let V be a coordinate neighborhood of 7, with coordinate functions (v, ..., yn). Take
U to be any connected coordinate neighborhood of z such that U C ¢ (V). Let (zy,...,z,)
denote the coordinate functions in U. Then, for each x € U, the matrix for di(z) relative to the

bases {0/0x;} for T(X,z) and {0/0y;} for T(Y, ¢ (x)) is

(o thow).

Now, dip = 0 implies (0/0z;) (y; 01) =0 on U for all 7, j. But this implies that y; 0 is constant
on U for all 7. Hence y; o (z) = y; o (xy) for all i and for all = € U; that is, ¥ (z) = ¥(xg) = yo
for all x € U, and U C ¥ (y) as required.

Definition Let X be a smooth manifold, and let V' and W be smooth vector fields on X. The
bracket [V, W] of V- and W is the smooth vector field on X defined by

V. W) =V (Wf) =W (V[) for f€C™(X, R

Remark [V, W] is a vector field, because if ¢ is a local coordinate system with domain U and
coordinate functions (z1,...,z,), then

n

0 = 0 -
Vg = Zai <8_xl) and Wy = Z»Zlbi <8x2) for some a;, b; € C*(U,R).

=1
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Since [V, W1 is clearly bilinear, it suffices to check that [V, W] is a vector field when V' = a (0/0x;)
and W = b(0/0x;) . Then, since mixed partials are equal,

0 0 0 0
Vi) = age (e ) = o (a000)
0 0 o 0 0 0 0o 0

al'j
B 0 0 0 9, _0b Of Oa Of
B [a(%i (®) Ox; b@wj( 2 8:@} ()= 81’1 Ox; b(%] oz;

(f)

Since a (0/0x;) (b) and b(9/0z;) (a) € C*(X,R), [V, W] is indeed a smooth vector field.
Exercise 12 Show that C*°(X,T(X)) is a Lie algebra under bracket multiplication, that is, the
bracket of vector fields has the following properties.

(1) [V, W] =—[W, V] for V, W € C*(X,T(X)),

(2) Vi + Vo, W] =[Vi, W]+ [V, W] for Vi, V3, W € C%(X, T (X)),

(3) [cV, W]=c|V,W]for V, W € C*(X,T(X)), ce R,
(4) (Jacobi identity) [[V, W], Z] + [[W, Z], V] +[[Z, V], W] =0 for V, W, Z € C>*(X,T(X)).

Note that such an algebra is non-associative.

Theorem 2. Let w be a smooth 1-form, and let V' and W be smooth vector fields on X. Then

dw (V, W) =V (w(W)) = W (w(V)) —w ([V, W]).

Proof It suffices to verify this formula in a local coordinate neighborhood. Furthermore, since
both sides are linear in w, we need only check it on forms of the type w = fdg (since every

1-form is locally a sum Z a; dz;). For w = fdg,
dw (V. W) = (df Ndg)(V, W)
= df(V)dg(W) — df (W) dg(V)
= {Vf)-Wg)=(Wf)-(Vg)}.

On the other hand, we also have

{V(wW)) =W (w(V)) —w([V, W])}
= {V (fdg(W)) =W (fdg(V)) — fdg ([V, W])}
= {V(f-Wg) =W (f-(Vg) = f- (V. Wlg)}
= {(Vf)- Wg)+f-VWg) = (Wf)-Vg)—f - W{Vg) = f-V(Wg)+ f-W(Vg)}

(
= AV -Wg) = (Wf)-(Vg)}.

Theorem 3 (Inverse Function Theorem) Let X and Y be smooth manifolds of dimension
n. Let ¢ : X — Y be a smooth map. Suppose z¢ € X is such that

dip(xo) : T(X, 20) = T(Y,¥(x0))
is an isomorphism. Then there exists a neighborhood Uy of zy such that

(1) 9|y, is injective,
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(2) ¥(Up) is open in Y, and

(3) ¥~ (Uy) — Uy is smooth.
Proof Let ¢y be a coordinate system about ¢ (zp) with domain V' and coordinate functions
(y1,-..,Yn). Let 1 be a coordinate system about xy with domain U and coordinate functions

(x1,...,2,) such that
U = domain ¢; C ¢~ 1(V).

Then, relative to the bases {0/0x;} for T(X, x¢) and {0/0y;} for T(X, v (x0)), dip(xy) has the

matrix

0
(8_ (y; 0 ) |x0) ,  which is nonsingular since di)(z) is an isomorphism.
Lj

Now transfer everything to R” via ¢; and ¢,. Let U = ¢y (U), V = @o(V), and ¢ : U — V be

- [
> D
U V

Figure 5.6

defined by 1) = @y 09 0 7" (see Figure 5.6). Then t(z) = (1&1 (x),... ,Q/Jn(x)> for x € U, where
¥; = r; 0 1. The Jacobian of ¢ at 7y = 1) is

O

07“]-
Hence, by the classical inverse function theorem, there exists an open set UycU containing
such that Vo = ¢(U)) is open, and such that the equations

@xj

) = (i (y; 0 1) |x0) ,  which is nonsingular.
Zo

&i(ﬁ,---ﬂ‘n):si, (1<i<n)

have a unique solution in UO for each (s1,...,8,) € VO. Moreover, this solution depends smoothly
on (si,...,S,). In other words, there exist smooth functions

hj:Vo— R, (1<j<n)

such that for each s = (s1,...,5,) € Vi,

'(ﬂ,’ (h1(8>, <y hn(S)) = S;.

Setting h(s) = (hy(s), ..., ha(s)) for s € Vp, this says that h = ¢!, Transferring back to X and
Y, we find the conditions of the theorem are satisfied, with

Uy = gpl_l (UO) )
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Exercise 13 Let A C R" be a rectangle and let f : A — R" be continuously differentiable. If
there is a number M such that |D;f*(z)| = | (0f"/0x;) ()| < M for all  in the interior of A,

prove
f(z) = f(y)] <n* M|z —y|

n

1/2 . /2
> (fil) - fi(y))2] and |z—y| = [Z (2; — yj)2] .

i=1 j=1

forallz, y € A, where |f(z)—f(y)| =

Exercise 14 Suppose that f : R" — R" is continuously differentiable in an open set containing
a, and the differential of f is the identity matrix, i.e. (D;f'(a)) = (6;;). Show that there is a
closed rectangle U containing a in its interior such that

(a
(b) det (D;f") (x) # 0 for x € U.

) f(z) # f(a) if z € U and = # a.

)
(¢) |Djf'(z) — Djf'(a)] < 1/2n* for all i, j, and = € U.
(d)

)

)

d) [z —y[ <2[f(x) = f(y)| for z, y € U.
(e) ly— f(a)] <|y— f(z)| for all y € Byss (f(a)), x € OU, whered:ggrelia%]f(a)—f(w)].
(

f) for each y € By2 (f(a)), there is a unique x in interior U such that f(x) = y.

Theorem 4 (Implicit Function Theorem) Let X and Y be smooth manifolds with dim X >
dimY. Let ¥ : X — Y be a smooth map. Let yy € ¥(X) and let

Xo=v¢""(yo) = {x € X | ¢(x) = yo}-

Assume that for each zo € X, dy(x) : T(X,z) — T(Y,¢(z)) is surjective. Then X, has a
manifold structure, whose underlying topology is the relative topology of X, in X, and in which
the inclusion map Xy — X is smooth. Furthermore, dim Xg = dim X — dimY.

Examples

(1) The n-sphere S" is a smooth manifold whose topology is the induced topology in R™**. For
let ¢ : R™™ — R! be defined by

n+1

Y (ry, .o Thy1) = er
i=1

Then S" = ¢~ *(1). Since dimR' = 1, we need only check that di) # 0 at each point of
n+1

Y1(1). But dip = 2 Zri dr;. Since {dry,...,dr,41} is linearly independent, di) # 0 unless
i=1

r; = 0 for all 7. In particular, dip # 0 on ¢~ '(1).

Note that dimS” = dimR"™ — dim R! = n, as expected.

(2) Let X = R"™ | viewed as the space of all real n x n matrices. Let Y = R', an let P: X =Y
be the determinant function. Then ¢ (1) is the group of all n x n matrices of determinant
1. It is called the unimodular group. To verify that this group has a manifold structure, we
need only show that di) # 0 at each point of 1»~!(1). Now, for (r;;) coordinate functions on

2

R™,
1/} 0] Tij = det (Tz'j) = Z (-1)0 7”10(1) e T‘ng(n).

O’GSn
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Hence

Z Z 7“1a T 1e(-1)Tj+10(4+1) * 'Tna(n)drja(j)-

j=1 oces,
For each (7, j), the coefficient of dr;; in this sum is, up to sign, the determinant of the cofactor
of r;; in (1) . These cannot all be zero at any point of ¥~ *(1) since det (r;;) = 1 # 0 at
such points. Since {dr;; | 1 <14, j <n} is a linearly independent set, we are done.

(3) Let X = R"™ asin (2). Let Y be the set of all symmetric n x n real matrices. Y is a manifold,
for it can be naturally identified with R*™*1/2 : merely string out in a row the entries on
and below the main diagonal. Let ¢ : X — Y be defined by 9 (z) = xz"’ where, for each
r € X, x' denotes the transpose of x. Note that ¢ is smooth, since each entry of ¢)(x) is a
polynomial in the entries of z. Let Xy = ¢ !(1). Thus Xj is the group of orthogonal n x n
matrices; that is, Xy is the orthogonal group.

To verify that Xy is a manifold, we must show that di)(x) is surjective for each x € Xj. For
this, it suffices to show that di(e) is surjective, where e = (d;;) is the identity matrix. For
assuming dip(e) is surjective, let € Xy. Then the map R, : X — Y defined by R,(y) = yx
(matrix multiplication), is a smooth map with a smooth inverse, namely R,-1, and hence
dR, is everywhere an isomorphism. Moreover, 1o R, = 1 for all x € X,. For if y € X, then

Yo Ry(y) = v (yx) = (yz) (y2)' = yaa'y' = yey' = yy' = Y (y).
Hence.
dw|x = d<w o Ra:—1> ‘z = dw‘RI,ﬂx) o de—1’x7
so dip(x) is a composition of surjective maps, hence is surjective.
We still must check that di(e) is surjective. But

(rijov) (z me )rim(x) 1<i<j<my

hence the entries in the matrix for di)(x), where 1 < k, ¢/ <n,and 1 <i < j <mn, are

re(r)  ifk=i#],
)

0 rio(x if k=7 #1,
—— (rijoy)| = f . : 7 .
Orwr - 2ri0(x) ifk=1i=y,

0 otherwise.

In particular, the entries in the matrix for di)(e), where 1 <k, £ <n, 1 <i<j <mn, are

rijle=1 " if (k, €) = (i, j); 1 # J,

Tiile = 1 if (k, €)= (4, 1); i # J,

e 27’iz’|e:2 if (k, ﬁ):(i, j)? =7,
0 otherwise.

0
—— (rij o)

8rkg

Thus the square submatrix, consisting of those entries with k£ < ¢, is a diagonal matrix with
diagonal entries 1 and 2, and so di)(e) has rank n(n 4 1)/2; that is, diy(e) is surjective.

Note that dim Xy = dim X —dimY = n(n — 1)/2. In fact, for any z, y € X,

d
= @ty (@ sy)| =yrlteyt = (dU]) () = v+
s=0

which implies that the Ker (d¢|.) = {y € X | y + %" = 0} has dimension n(n —1)/2.

(@01) () = o + 5y)

s=0
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(4) Let X = the set of all complex n x n real matrices = R*. Let Y = {z € X | #* = z}. Let
¥ : X =Y be defined by (x) = x7". Then, as in (3), the set ¢ ' (e) is a manifold. 1~ (e)

is the unitary group. Its dimension is 2n? — n* = n?.

Remark Examples (2), (3), and (4) are examples of Lie groups; namely, they are groups whose
underlying spaces are C'*°-manifolds and are such that the group operations are analytic.

Proof of the Implicit Function Theorem Let V be a coordinate neighborhood of g, in
Y, with coordinate functions (yi,...,ym). For o € Xy, let U be a coordinate neighborhood
of 7y in X such that U c ¢~ *(V). Let (zy,...,z,) denote the coordinate functions on U. We
may assume that this coordinate system is chosen so that x;(z9) = 0 (1 < i < n). Now dy
surjective at xp means that the m x n matrix ((0/0x;)(y; 0 ¥)|s,) has rank m. By renumbering
the coordinate functions on U if necessary, we may assume that the last m columns of this matrix
are independent, that is, that this matrix has the form

(x:J),
where J is a nonsingular m x m matrix. Let ¢/ : U — R"™ x V be defined by
O(x) = (21(2), ..., Toem(x), V(x)) (x € V).
Then di(zo) has matrix
I 0
x JJ7

where I is the identity (n —m) X (n — m) matrix. Hence di)(zg) is an isomorphism. By the
inverse function theorem, there exists a neighborhood Uy of xg such that @Z~)|UO is injective, gE(UO)
is open in R*™™ x V, and ¢~ : JJ(UO) — Uy is smooth. We may assume that JJ(UO) is of the
form Wy x Vg, where 0 € Wy and yo € Vj, since open sets of this type form a basis for the
topology on R"™™ x V (see Figure 5.7). Now note that ¢! (W, x {yo}) = X, N Up. Since ¥y,
is a homeomorphism, 1;| XonU, Mmaps Xy N Uy homeomorphically onto Wy x {yo} = Wy C R*™™.
Thus @Z~)| XonU, 18 @ coordinate system about zy in Xp.

(YA s
L—"_ 7"y, pd I
Xo (0,90) Wo X Vo

Figure 5.7

To see that such coordinate systems actually define a smooth manifold structure on Xy, we must
check that they behave properly on overlaps. So suppose

V:Uy—=WoxVy and ¢:U; — Wi x W,
are such that (X, N Up) N (Xo N Uy) # O (see Figure 5.8). Since 1! is smooth, so is

poi!

B(UoNUL)
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Restricting to ¥(Xo N Uy N UL) = ¢ (Uy N UL) N (R x {yo}) , it follows that

: w(XO N Uo N Ul) — @(XO N Uo N Ul)

~ 71
(o]
80 w ’L/;(X()ﬂUoﬁUﬂ

is smooth. Hence X is a smooth manifold, of dimension n — m.

~(Co Nty
WoX Vy W, XV,
Rn—m } ; Rn—m
/15 LEN
/ X, - /I \\
0, -
(0,y0) B(Lo N Ty (0,0)

Figure 5.8

Definition A submanifold of a smooth manifold Y is a pair (X, ¢), where X is a smooth manifold
and ¢ : X — Y is an injective smooth map such that dv is injective at each point of X.

Examples The manifold X of the previous theorem, together with the inclusion map Xy — X,
is a submanifold of X. In particular, S" is a submanifold of R"™!, and each of the Lie groups
discussed above are submanifold of the space of all n x n real (complex in the case of the unitary
group) matrices.

Remark Note that ¢ : X — Y being injective does not imply that di is injective at each point.
For example, the smooth map 1 : R' — R defined by ¢(z) = 2* is injective, and yet di)(0) = 0.
Note also that (X, ©) being a submanifold of Y does not imply that ¢ is a homeomorphism of
X onto ¥(X) with the relative topology.

Example Consider the torus
St x St = {(z1, 22) | 21, #2 are complex numbers with |z| = |z| = 1}.

Define ¢ : R' — S' x S* by o(t) = (62””, ezmat) , where « is an irrational number. Then (Rl, 2/1)
is a submanifold of S* x S'. However, 1)(R') is dense in S* x S*, so if V is an open neighborhood
of ¥(t) in S* x St since V N (R =V, VNp(RY) £ »(U) = (@Z)_l)fl (U) for any open interval
U c R! containing ¢, ¢y~ : 1(R') — R' is not continuous and ¢ is not a homeomorphism.
This submanifold is called the skew line on the torus. Representing the torus as a square with
opposite sides identified, ) maps R' as in Figure 5.9.

Figure 5.9
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Theorem 5 Let (X, ¢) be a compact submanifold of Y. Suppose X has dimension m and Y has
dimension n, where m < n. Then for each xy € X, there exists a coordinate system ¢y : V' — R"
about 1 (zg) with coordinate functions (y1,...,¥,), such that

YX)NV ={y €V | ymsa(y) = - = yaly) = 0}.

Furthermore, a coordinate system ¢x : U — R™ can be chosen about xy with coordinate
functions (x1,...,,,), such that U C ¥~ (V) and such that z; = y; o9 for all j < m. Thus, on

U,
T for 1 <j<m,
yjotp =<’ .
0 for m < j <n.

Proof Using the Inverse Function Theorem and the Implicit Function Theorem (in Michael
Spivak Calculus of Manifolds), one can prove the following.

Proposition Let M C N, dim M = m < n =dim N, be a smooth submanifold and let p € M be
arbitrary. Then there exists a chart (¢ = (z1,...,2,), U) on N, such that U N M neighbourhood
of pin M and

Tmi1(q) = =x,(q) =0 forall g€ UnN M.

The first m entries in ¢ are a local coordinate system on M near p.
Proof
e fix p € M C N, choose local coordinates ¢ = (z1,...,x,) on N and ' = (y1,...,¥ym) On
M covering p
e M being a submanifold means inclusion ¢ : M — N is an embedding, thus di, is in particular
injective

e hence, the Jacobi matrix of 7 at p in local coordinates ¢', ¢/,

8%-
€ Mat (n x m, R
( - <p>)ij ( )

has maximal rank m
e w.lo.g. (after possibly re-ordering the z;) assume that first m rows are linearly independent
e implicit function theorem = (z1,...,,,) are local coordinates on some open set V' C M

e after possibly shrinking V' obtain that
q €i(M) = zi(q) = fr(21(q), .. 2m(q)),

where fi : (x1,...,2,)(V) — R is uniquely determined for all m+1 <k <n

e choose U C N open, such that (xy,...,z,) are defined on U and U N M = V, define for
m+1<k<n
Fk =T — fk(.iﬂl, Ce ,me)

e define new coordinate system (p, U) on N fulfilling statement of this proposition as follows:

Y = (Zﬁl,...,.%'m, Fm+1,...,Fn>

e Jacobi matrix of ¢ at p with respect to the coordinates (x1,...,z,) is of the form
]me 0
uT for some A € Mat ((n —m) x m, R),
(n—m)x (n—m)

hence invertible
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e hence, ¢ is a local diffeomorphism and thereby defines a local coordinate system on N
which, by construction, fulfils

oUNM)=pV)=(x1,..., Tm, 0,..., 0).
as required

Remark When a coordinate system ¢y is chosen as in Theorem 5, ¢)(X )NV is said to be a slice
in ¥y . Note that the coordinate system obtained in the proof of Theorem 4 are of this type.

Corollary If (X, v) is a compact submanifold of Y, then

v X = Y(X)
is a homeomorphism. Moreover, for each submanifold obtained by applying the implicit function
theorem, the inclusion map is a homeomorphism.

Proof Since (X)) is Hausdorff in the relative topology, the first statement is proved.

Definition Let X be a smooth manifold, and let V' be a smooth vector field on X. An integral
curve of V' is a smooth curve « : (a,b) — X (Figure 5.10), such that the tangent vector to « at
each point is equal to the value of V' at that point, that is,

a(t) =V (a(t)) forallte (a,b).

Figure 5.10

Remark Let ¢ : U — R" be a local coordinate system on X, with coordinate functions
(x1,...,2,). Let a : (a,b) — U be a smooth curve in U. Then, by definition, &(t) = da(d/dt).
Hence, the ith component of & relative to the basis {0/0x;} is

dz; (6) = da; (da (%)) (5 00) (%) _ % (z:00),

, " d 0
Q_ZE(%O@@@

Thus « is an integral curve of a vector field V' = Z a; (0/0x;) if and only if
i=1

so that

(%) £<xio(x>:ai for each 1 <7 < n.

Thus, to find integral curves of a given vector field V' on a coordinate neighborhood U, we need to
solve the system (x) of differential equations. Solutions are guaranteed by the following classical
theorem.
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Theorem 6 Let W be an open set in R", let wy € W, and let a; € C°(W,R"), (1 < i < n).
Then there exists an open set Wy, C W about wy, an interval (—¢, €) C R', and a smooth map
W (—e, €) x Wy — W such that, for each w € Wy, @/)|(_57 e)x{w} 18 a solution of the equations

dfi :
S =a (), fa(t) (1<i<n)

subject to the initial conditions f;(0) = w;; that is, if oy, : (—¢, ) = W is defined by

aw(t) = P(t, w),

then for 1 <i <n,

(Eqn) % (ri 0 ) (1) = i (11 0 (1), ... .m0 an(t))  forall ¢ € (e, &),
(1C) (ri 0 o) (0) = ry(w) for all 1 <i <n.

Furthermore, a, is the unique function a,, : (—¢, €) — W satisfying (Eqn) and (IC).
Reinterpreting Theorem 6 in terms of vector fields, we obtain Theorem 7.
Theorem 7 Let X be a smooth manifold and let V' be a smooth vector field on X. Let x5 € X.

Then there exist an open set U about z, (—¢, ¢) C R', and a smooth map 1 : (—¢, &) x U — X,
such that for each v € U, the curve

ay:(—e,e) = X

defined by v, (t) = 1 (t, u) is the unique integral curve from (—¢, €) into V satisfying a,(0)

= 1u.
Furthermore, the smooth maps ¢, : U — X, defined for each t € (—¢, ) by 1y(u) = ¥(t, u),
have the properties

(1) %ty11, = 1, 0 Uy, on ¢y, (U) whenever ¢y, to and ¢ + t2 € (—¢, €),
(2) ¥y = on Y, (U)NU for each t € (—¢, ¢).

Proof Let W be a coordinate system about wy, with coordinate functions (xi,...,x,). Then,

on W, V = Z a; (0/0x;) for some smooth functions a; € C*°(W,R").

i=1
By Theorem 6, there exist U C W, (—¢, ¢) C RY, and ¢ : (—¢, €)xU — W C X with the required
properties. The last statement is a consequence of the uniqueness of the solution; namely, it is
easy to check that

t1 = Y(ta+ 11, u) and 1 — P(ty, ¥y, (u))
are both integral curves of V' which send 0 into t,(u), and hence they are equal; that is,
Yty 11, = Pty © Py, Similarly, ¢y = %—1-
Remark Properties (1) and (2) of Theorem 7 express the fact that ¢, is a local one-parameter
group of transformations.

Remark The previous theorem guarantees the existence locally of integral curves for vector
fields. However, it is not always possible to obtain integral curves globally; that is, it is not
possible in general to find a curve a : R! — X through z, such that « is an integral curve of a
given vector field V. For example, let X = R\ {0} and let V = 9/dr;. Then the integral curve
of V' through (—1, 0) cannot be extended to values of ¢ > 1. (see Figure 5.11).

Page 37



Geometry II Chapter 5 Lecture Notes(Continued)

—_ —_—
E— _
—_ —> —_—
> > - —>

—
— _— ) —>
—_ — _
Figure 5.11

However, if X is compact, then every vector field admits through each point integral curves
defined on all of R,

Remark In studying the motion of a particle in R® under the influence of a force field F, Newton’s
law tells us that the path of motion is a curve «(t) = (x1(t), x2(t), z3(t)) such that
dt?

m =F (1<i<3),

where m is the mass of the particle. Setting p; = m(dx;/dt), we have

dv; p;  dp;
dt  m’ dt

—F (1<i<3).

But (x1, xa, x3, p1, P2, p3) may be regarded as coordinate functions on the cotangent bundle of
R*. Hence the orbit of the particle is just the projection onto R? of the integral curve of a vector
field on the cotangent bundle. In fact, the cotangent bundle is the natural domain for the study
of mechanics on a manifold.

Remark The use of integral curves provides a geometric interpretation of the bracket of two
vector fields. Let V and W be smooth vector fields on X, and let o € X. Suppose we move
along the integral curve of V' through zy until the parameter has moved from 0 to /s; then
move along an integral curve of W from 0 to 4/s; then move back along an integral curve of V,
the parameter now varying from 0 to —/s; and finally move back along an integral curve of W
from 0 to —4/s; as in Figure 5.12. We will not in general return to our starting point. As s — 0,
our end point will trace out a curve through . The bracket [V, W](x¢) is precisely the tangent
vector to this curve.
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T3 = Oz, (-\/;) Ty = Bz,(\/;)

(az = integral curve of V through z;

B: = integral curve of W through z)

Figure 5.12

Definition Let V' be an n-dimensional real vector space. Then A"(V*) has dimension 1, so it is
isomorphic to R'. Thus A™(V*)\{0} is disconnected; it is the union of two connected components.
An orientation of V' is a choice of one of these components. An oriented vector space is a pair
(V, o/) where &/ is an orientation of V.

Remarks Thus each vector space V' has two possible orientations. An ordered basis {¢1, ..., pn}
of V* determines an orientation of V'; namely, the component of A"(V*) in which o1 A -+ A ¢,

lies. Given two ordered bases {¢1,...,p,} and {¢],..., ¢, } of V* with ¢} = Z cjipj, then
Y1 A A =det (ci) pr A An

Hence two ordered bases determine the same orientation if and only if the determinant of the
change of basis matrix is positive. In particular, if {¢1,...,p,} is an ordered basis for V* then
the orientation determined by the basis is different from the one determined by

{9027 9017 ()037 . 7§0n}

In R? an orientation amounts to a sense of rotation. The orientation determined by {dr, dry}
gives the usual sense of positive rotation on R?; namely, so that the rotation sending 9/dr; into
0/0ry is one of +m/2. The orientation determined by {drq, dri} defines the opposite sense of
rotation, so that 9/Jry — 0/0r; is a rotation of +m/2. (see Figure 5.13). Similarly, an orientation
of R amounts to choosing either the right-handed rule or the left-handed rule for cross products.

9 A 9 A

67'2 \ 67‘2 \
N AN
7 7
9 9
aTl arl

Orientation of dr; A dr. Orientation of dr; A dr,
Figure 5.13

Definition A smooth manifold (X, ®) is orientable if there exists a subset ® C ® such that

(1) {domain ¢},eq is a covering of X, and
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(2) If 1 and ¢y are coordinate systems in ® with domains U and V' and coordinate functions
(z1,...,2,) and (y1,...,yn) respectively, then the function A : U N’V — R' determined by

dey N--- Ndzx, = Adyy N --- ANdy, is everywhere positive.

An orientation of an orientable manifold (X, ®) is a choice of subset ® C ® satisfying (1) and
(2) and maximal with respect to (2). An oriented manifold is a triple (X, ®, ®') where(X, ®) is
an orientable manifold and @' is an orientation of (X, ®).

Remark The function A determined by dxy A --- Adx, = Ady; A --- A dy, is just the Jacobian
determinant of ¢, o ,'; that is,

A = det (;(SE@)) =det d (p1095").

Yj

In view ofthis, it is easy to check that a connected orientable manifold (X, ®) has exactly two
orientations ® and ®”, and that ® is the disjoint union & U ®”.

Remark A more sophisticated approach to orientation of manifolds is to consider the set A"(X).
This set can be given the structure of an (n+1)-dimensional manifold as follows. Let ¢ : U — R"
be a local coordinate system on X, with coordinate functions (z1,...,z,). Then a coordinate
system @ : 71 (U) — R™™ is defined on 7' (U) by

P(w) = (p(m(w)), Mw))  for each w € 71 (U),
where A\ : 7~ — 1s the function such that
h A 1(U) R! he f h th
Mw)dzy A+ Adx, =w for each w € 77 1(U).

In terms of A"(X), we have the following characterization of orientability.

Theorem 8 Let X be a connected smooth manifold (see Figure 5.14). Let

0= U {0 element in A™(T*(X, z))} € A"(X).

rzeX

Then either A"(X) \ O is connected, in which case X is not orientable, or A"(X) \ O breaks
up into exactly two connected components, in which case X is orientable. An orientation of an
orientable manifold X amounts to a choice of one of these two components.

1

‘ 0 N =(V)
. p

Figure 5.14

Proof We omit the proof.

Page 40



Geometry II Chapter 5 Lecture Notes(Continued)

Theorem 9 Let (X, ®) be a smooth manifold of dimension n. Suppose there exists a smooth
n-form w on X which is nowhere zero. Then X is orientable.

Proof Let ¢ € ® be a local coordinate system on X, with connected domain U and coordinate
functions (z1,...,z,). Since dim A"(X) = 1, there exists a smooth function f, : U — R" such
that

w= fodry A--- Ndxy,

Since w is never zero, neither is f,. Thus either f, > 0 everywhere, or f, < 0 everywhere. Let

' ={ped|f,>0}

Then @' is an orientation of X. ® covers X because if z € X and ¢ is a coordinate system about
x with f, < 0, then the new coordinate system ¢ about z, obtained by changing the sign of one
of the coordinate functions of ¢, has f; > 0. Furthermore, if ¢, ¢ € ®' have domains U and V
and coordinate functions (z1,...,z,) and (yi, ..., y,) respectively, then on U NV

1
dyl/\~--/\dyn:f—ww ;zd:cl/\ -Adx,

and f,/fy > 0. Maximality is clear.

Theorem 10 Let (X, ) be an n-dimensional submanifold ofR"**. Suppose (X, 1) admits a
nonzero “normal vector field”; that is, suppose there exists a smooth map V : X — T(R"*!) such
that for each x € X, V(x) is a nonzero vector in T(R™*! 1 (x)) perpendicular to di(T(X, x))
(see Figure 5.15). Then X is orientable.

dY(T(X,x))

¥(@) V&)

Figure 5.15

Remark Perpendicularity in T(R"**, ¢(z)) means with respect to the inner product (, ) given

by
o 0

<8—n’3_7“j> = 0ij-

Proof of Theorem 10 Given a normal vector field V. consider the n-form p defined at points

of (X)) by
pw=1i(V)dri A ANdrpy.

Let w = ¥* . Then w is a smooth n-form on X. By Theorem 9, it suffices to show w is never zero
on X. Suppose it were; that is, suppose w(x) = 0 for some x € X. Then for all vy, ..., v, € T(X, x)

(U1, .., U,)
z) (Ul, )

( (fﬂ‘))(dw(vl) - dip(vn))

Ozw(:c

)
= ¢l
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Now each vector w € T(R"*! 1(x)) is of the form w = di)(v) + ¢V (z) for some v € T(X, z),
c € R'. Thus, for arbitrary vectors
w; = d(v;) + ¢;V(x) foreach 1 <i < n.

we have

() (dip(v1) + eV (), ... dip(vn) + ¢V (2))
w 33)) (dw("h)? te aCW(Un))

D it (@) (o), dip(vj0), V(@) dip(vg4), - d(vn)

Jj=1

(4(
(3(

0
= u
+

All other terms are zero since V(z) appears twice as an argument, and p is skew symmetric.
Moreover, the first term vanishes by the above discussion, and each term of the sum is zero
because

p@) (.., Vo) =i(V)dry A ANdrpa (., Voo ) =dry Ao Adrp (Voo Vo) = 0.
Since wy, ..., w, € T(R" ¢ (z)) were arbitrary, this shows that p(y(x)) = 0. But

pw o= i(V)ydry N+ Ndrpq

== Z(—l)j_l (V’I“j) d?"l A A drj—l N d?”j_H VANEAY d’l“n+1

j=1
Since V (x)r; # Ofor some 1 < j <n, pu(¢)(x)) # 0. This contradiction proves the theorem.

Corollary The unit sphere S™ is orientable.

Proof S" admits a nonzero normal vector field, namely, the restriction to S"™ of the unit vector
field on R"™* \ {0} pointing radially outward.

Remark It can be shown that every compact connected n-dimensional submanifold of R™**
separates R™™! into two connected pieces, one bounded and one unbounded. Thus every such
submanifold admits a unit normal vector field (for example, the one pointing into the unbounded
component), hence is orientable.

Remark A nonorientable 2-dimensional manifold is called a one-sided surface.

Example 1. The Mobius strip S, obtained from an open rectangular strip by giving the strip a
half twist and glueing the ends, is nonorientable. Note that a nonzero normal vector field cannot
exist on 9, for if such a field varies continuously along the center line, it would have to point in
the opposite direction after a full circuit.

A 4

N
L4

Figure 5.16

Example 2. The Klein bottle K, obtained from I x I by identifying opposite sides (to get a
cylinder) and then identifying the other pair of sides with a twist (Figure 5.16), is nonorientable.
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Figure 5.17

This surface cannot be represented as a submanifold of R®. However, there does exist a map
Y K — R® with di injective at each point, and such that 1 is one-to-one except along a circle
in R? (see Figure 5.17).

Definition Let X be a topological space, and let % be an open covering of X. The covering %
is locally finite if, for each x € X, there exists an open set W, containing x such that

{Uew |UNW, #0} is a finite set.

Definition A topological space X is paracompact if every open covering of X has a locally finite
refinement; that is, if for every open covering %, there exists a locally finite open covering #
such that for each V' € ¥ there exists a U € % with V C U.

Remark It can be shown that all metric spaces are paracompact. Also, every regular topological
(where ) space whose topology has a countable basis is paracompact. Recall that a topological
space X is a reqular space if, given any closed subset F' and any point x ¢ F of X, there exist
disjoint open neighbourhoods U and V of x and F' respectively.

Partition of Unity
Let f: R — R be defined by

fx) =

e /e if x >0,
0 otherwise.

Then f is smooth, i.e. infinitely differentiable, on R. For a < b, let g : R — R be defined by
g(x) = f(x —a)f(b—x). Then g is smooth and

e~ 1/ (z=a) —1/(b—2) if a <z <b,
g(x) =

0 otherwise.

Yy

N,

Let h : R — R be defined by
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Y

—_

Then
h(z) =1 if z € (—o0, al,
0<h(zr)<l1 if z € (a,b),
h(z) =0 if x € [b, 00).

For each p € R™ and for any 0 < r < t, let B,(p) and B;(p) be concentric balls of radius r and
t, respectively. Let ¢ : R — R be the linear function such that ((r?) = a and ((¢*) = b, and let

9(e) = hC(le — pl?) for = € R
Then 1 : R" — R is smooth, 0 < ¢(z) < 1 for all # € R" and

o) = 1 if z € B.(p),
Vo) = {o if © ¢ By(p).

Theorem Suppose K is a compact subset of R™, and {V,,} is an open cover of K. Then there
exist functions 1, ..., 1, € C(R"), the space of smooth functions on R™, such that

(a) 0<y; <1forl<i<s;
(b) each ®; has its support in some V,,, i.e. {x € R" | ¢;(z) # 0} C V,, and

(c) Z@/},(m) =1 for every x € K.
i=1

Because of (¢), {1} is called a partition of unity, and (b) is sometimes expressed by saying that
{;} is subordinate to cover {V}.

Corollary If f € ¢ (R") is a continuous function in R™ and the support of f lies in K, then

=Y uf.
=1

Each v, f has its support in some V.

Proof For each x € K, since {V,} is an open cover of K, there exist V,,) € {V.}, open balls
B(z) and W (z), centered at z, such that

(x) B(x) c W(x) C W(x) C Vo).

Since K is compact and {B(z) | z € K} is an open cover of K, there are points z1,...,z, € K
such that
K C B(zq)U---U B(xy).
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By (), there are functions ¢y, ..., ¢s € €(R"), such that

1 if x € B(x;)
0 if v € R"\ W(z;)

and 0 < ¢;(x) <1 for all z € R" for each 1 <1i < s.

Define

Y1 = ¢
(1) Yiy1 = (1—=¢1) (1 —)psp1 fori=1,...,s—1.

Properties (a) and (b) are clear. The relation

(1) 1+ F+i=1-(1—-¢1) (1 —¢)

is trivial for ¢ = 1. If () holds for some i < s, addition of (1) and (f1) yields (1) with i + 1 in
place of 7. It follows that

s

D owiw) =1-T[[1-e@)] forzeRr"

i=1

If € K, then x € B(z;) for some 1 < j < s, hence ¢;(z) = 1, [1 — ¢Z(x)] = 0 and
i=1

i Yi(x) = 1. This proves (c).
i=1

Theorem Let A C R™ and let &' be a collection of open subsets of R™ covering A. Then there is
a collection ® of continuous functions ¢ defined in an open set containing A, with the following
properties:

(1) For each x € A we have 0 < p(z) < 1.

(2) For each x € A there is an open set V' containing x such that all but finitely many of ¢ € ®
are 0 on V.

(3) For each x € A we have Z o(x) =1 (by (2) for each z this sum is finite in some open set
ped
containing x).
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(4) For each ¢ € @ there is an open set U € € such that ¢ = 0 outside of some closed set
contained in U.

A collection ® satisfying (1) to (3) is called a continuous partition of unity for A. If ® also satisfies
(4), it is said to be subordinate to the cover & In this chapter we will only use continuity of the
functions ¢.

Proof
Case 1. A is compact.
We use an alternative method to construct a continuous partition of unity as follows.

Since A C R™ is compact, there exists an open ball Bg(0) of radius R centered at 0 such that
A C Bg(0). By taking UNBg(0) for each U € €, we may assume that &' is a collection of bounded
open subsets covering A. Again since A is compact, there exist open sets Uy,...,U,, € O such
that

() Acl|JU; and A\ (U4U--UT;U--UU,) #0 Y1<i<m,

J=1

where (/]\Z means the term U; is omitted.

Since A is compact and by (%), the set C; = A\ U U; is a compact subset of U; with

j=2
ry = d(0Uy,Cy) = Iea(}?’fyeq d(xz,y) > 0.
Let
Dl - {Q’I € Ul | d(xuaUl) = inf d(xuy> 2 T1/2}7
y€8U1
Wy = {xeU |d(z,0U;) = inf d(x,y) > ri/4},
yeoUy
if v € D17
1/)1(ZE) = 0 1fI¢W1,
0<y(z)<1 Ve R"
Note that D; is a compact subset of Uy, C7 C Int D; and A C (Int Dl) U U U;.
j=2
k m
Suppose that Dy, ..., D, have been chosen so that A C (U Int Dj) U ( U Uj). Let
j=1 j=k+1

Crin=A\(Int D1 U---UInt Dy, UUp o U---UUp,).
Then Cyyq C Ugyq is a compact with

Tip1 = d(OUgy1, Cri1) = inf d(xz,y) > 0.

€Uk 41,yYECKk+1
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Let
Diyr = {2 € Uy | d(z,0U 1) = inf  d(z,y) > rp11/2},
y€OUg 41
Wit = {z €U |d(z,0U,) = inf d(z,y) > rp1/4},
y€8U1
1 if x € Dk+1,
Yri1(x) = Q0 if 2 & Wiy,
0<tp1 <1 Ve R
k+1 m
Note that Dy is a compact subset of Uyi1, Cxy1 C Int D1 and A C U Int D; U U U;.
Jj=1 j=k+2

We obtain a collection of compact subsets {D;}7,, {W;}", and a collection of nonnegative
continuous functions {t;}/%, such that

i=1 =1 =1 i=1 =1

0 if v ¢ W,

== V() >0 forallze| |D;.
> v
j=1

=1

For each 1 <i < m, and for z € UD“ if we let
i=1

(o)~ i@
D vrTe)

then ® = {®1,...,pm} is the desired partition of unity since {D;, ..., D,,} covers A.
Case 2. A=A UA;UA3U--- , where each A; is compact and A; C Int A; .

For each i € N, let
Ai \ Int Az’—l if ¢ Z 2,

and
_J{UNnInt A3 | U € 0} if 1<i<2,
NIt A\ A | U e 0} ifi>3.

Then
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(i) each B; is compact and A = U B,
i=1

(ii) each @} is a collection of bounded open sets covering B;, i.e. B; C U U.
Ueo;

(iii) UNV =0 forallU e 0;,V € 0 with j >i+2 < j—1>i+1.
Thus, by case 1, there is a partition of unity ®; for B;, subordinate to ;.
Note that for each x € A, since x € B; for some B; and since ®; is a partition of unity subordinate
to 0, so there exists ¢ € ®; such that ¢(z) > 0, and by (iii),
px)=0 Vped;withj>i+2 <= j—1>i+1,

and the sum

pED;, all i

is a finite sum in some open set containing x, and o(z) > 0 for all z € A.

Let -
p(x)
P = cP; .

Ui oo

=1
Then & is a partition of unity subordinate to the open cover &'.
Case 3. A is open.
Let
1

A;={z € Al |z|| <iand d(z,04) > -},
i

where d(z, 0A) = the distance from z to the boundary 0A. Note that A; is compact, A; C Int A;1;
for all > 1, and

) 1—+00
=1

By applying the case 2, we obtain a partition of unity subordinate to the open cover 0.
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Case 4. A is arbitrary.

Let B be the union of all U in &. By case 3 there is a partition of unity for B; this is also a
partition of unity for A.

Definition Let X be a smooth manifold. A smooth partition of unity on X is a pair (¥, .%)
where ¥ is a locally finite covering of X and % = {fy}y is a collection of smooth real-valued
functions on X such that

(1) fy(x) >0foreach Ve ¥, z e X,

(2) for each V' € ¥, the support of fi, = the closure of the set {x € X | fi/(z) # 0} is contained
inV, ie.

supp (fv) ={r € X | fy(z) #0} CV

(3) Z fv(z) = 1 for each x € X. (Note that this sum makes sense since for each z € X,
vey
fv(z) = 0 for all but finitely many V € 7#.)

Theorem 11 Let X be a paracompact manifold. Then, given any open covering % of X, there
exists a smooth partition of unity .# = {fy}» on X such that ¥ is a refinement of % .

Proof Since X is a manifold, there is a refinement # of % such that each open set W € # is
a coordinate neighborhood, and W is compact. Since X is paracompact, there is a locally finite
refinement ¥ of the open covering # . Note that # is a refinement of %/, and if V € ¥, then V
is compact, and V' is a coordinate neighborhood.

Suppose we can “shrink the covering ¥ slightly” and still get a covering. That is, suppose for
each V' € ¥, we can choose an open set a(V') such that (V) C V and {a(V)}vey is a covering.
We then proceed as follows. Since V' € ¥ is a coordinate neighborhood, and W is a compact
set in V, we can find a smooth nonnegative function gy : X — R' such that

oy (z) = {1 if v € a(V),

0 ifx ¢ V.

Let g = Z gy. Then g is well defined and in C*°(X, R') because ¥ is locally finite. Furthermore,
ver

g never vanishes on X because {a(V)}yey is a covering; hence fir = gy/g € C(X, R'). Let

F ={fv}ver; then (¥, F) is a smooth partition of unity.

To “shrink the covering ¥ slightly,” proceed as follows. Consider the family % of all functions
[ such that

(1) domain of /3 is a subset g of 7
(2) if V € P, then (V) is an open set in V' such that (V) C V; and
(3) the collection of open sets {B(V) |V € Z5} U{V | V ¢ P4} is an open covering of X.

The family £ is partially ordered:
B<~yifPsC PDyand Ve Iy = B(V)=~(V).

We leave the following point set argument to the reader: since 7 is locally finite, the maximum
principle implies that % has a maximal element o and %, = 7, so that « is the required
shrinkage.
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Theorem 12 Let X be a paracompact manifold that is orientable. Then there exists a smooth
n-form w on X such that w never vanishes.

Proof Let ®' be an orientation of X. Let % = {domain ¢},cq. Then % is an open covering
of X. Let (¥, %) be a smooth partition of unity such that ¥ is a refinement of % . For each
V e ¥, let oy € ® be such that V C domain ¢y. Then the restriction of ¢y to V is also

an element of ®'. Let (xY, oz ) denote the coordinate functions on V. Then the n-form
WY =dxy Ao Adx) € C(V, A"(V)) is nowhere zero on V. Let w = Z fvw", where fyw" is
ver

by definition zero outside V. Then w € C*°(X, A"(X)).

We must show that w is nowhere zero. For x € X, let ¢ € ® be a coordinate system about z,
with domain U and coordinate functions (yi,...,y,). Then, for each V' € ¥ with U NV # 0,

W =deY Ao Ndx) =gudyl A---ANdy! onUNYV,

and gy > 0 on U NV since both ¢y and ¢ are members of ®'. Thus,

wly =Y (frw") v = (Z fvgv) dy{ Ao Ady, .

ver Vey

Since Z fv =1, there exists Vj € # such that fy,(z) > 0. Since gy, (x) # 0 and each fy gy > 0,
ver

(Z fvgv> (x) # 0 and w(x) # 0.
vey

Remark Theorems 9 and 12 completely characterize orientability of paracompact manifolds by
the existence or nonexistence of a nonzero n-form. This characterization can be applied to show
that the projective space P" is orientable if and only if n is odd. This is done by considering
the sphere S™ as a covering space of P" with covering map p. Let w be the nonzero n-form on
S™ constructed in the proof of Theorem 10 and its corollary. Then one can show that for n odd,
w defines an n-form @ on P" such that w = p*@. If P" were orientable for n even, then there
would exist a nonzero n-form @ on P" and then p*@ = gw for some g # 0. On the other hand,
one can check that if x; # x5 € S™ are such that p(z1) = p(x3), then g(z1) > 0 < g(z2) <0,
contradicting the fact that g is never zero.

Remark A nonzero smooth n-form on a smooth n-manifold is called a volume element. Thus
every orientable paracompact manifold admits a volume element. The form (V') dry A--- Adr,.q
on S™ discussed in Theorem 10 and its corollary is the usual volume element on the n-sphere.

Definition A Riemannian manifold is a smooth manifold X together with a map
(,): X — U {inner product on T'(X, z)}
zeX

such that for each x € X, (, )(x) (usually denoted (, ),) is an inner product on T'(X, x) and
such that (, ) is smooth; that is, for each pair Vi, V5 of smooth vector fields on X, (V3, 3) is a
smooth function, where

(i, Vo)(x) = (Vi(x), Va(x)), for xz € X.

The map (Vy, V3) is called a Riemannian structure on X.

Theorem 13 Let X be a paracompact smooth manifold. Then there exists a Riemannian
structure on X.
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Proof Let (7, .%) be a smooth partition of unity on X such that each V' € 7 is a coordinate
neighborhood. Define a Riemannian structure (, )y on each V' € ¥ by

g0 0
a9 . = 57,“7 1 S .7 ' S )
<axi7 axl>v J ¢ j n
where (x1,...,z,) are the coordinate functions on V. Then define (, ) on X by
<7 > = ZfV<7 >V-
ver

Remark The converse of Theorem 13 also holds; namely, every Riemannian manifold is para-
compact.

Example 1. R" is a Riemannian manifold: take {0/0r;} as an orthonormal basis for the tangent
space at each point.

Example 2. Let X be a Riemannian manifold, and let (Y, i) be a submanifold of X. Then a
Riemannian structure is given on Y by

(v1, va)y = (di(v1), di(v2))iy) for all vy, vy, € T(Y, y).

Example 3. In view of Example 2, every submanifold of R™ has a Riemannian structure.

Example 4. Let X and Y be Riemannian manifolds. Then the manifold X xY has a Riemannian
structure given as follows. For (z, y) € X x Y, the tangent space T(X x Y, (z, y)) is naturally
isomorphic to the direct sum of the vector spaces T'(X, z) and T(Y, y). An inner product on
T(X x Y, (z,y)) is then given by requiring that this isomorphism be an isometry with the
orthogonal direct sum 7'(X, z) ® T(Y, y).

Definition Let X and Y be Riemannian manifolds. A map ¢ : X — Y is an wsometry if it is
smooth, injective, surjective, has a smooth inverse, and is such that dy is an isometry at each
point; that is,

(do(v1), dp(va))p) = (V1, V2), for all vy, vo € T(X, z) and = € X.

Remark Thus an isometry preserves all the structure of a Riemannian manifold. Two manifolds
are equivalent from the viewpoint of Riemannian geometry if there exists an isometry between
them. Such manifolds are said to be isometric. Note that two Riemannian manifolds as smooth
manifolds can be the same; yet as Riemannian manifolds, be distinct.

Figure 5.18
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Example 5. Consider the torus S* x S'. It has a Riemannian structure as a submanifold of R?
(see Figure 5.18). On the other hand, it has a Riemannian structure as a product S* x S, where
S! is given a Riemannian structure by way of its usual imbedding into R?. These two structures
are distinct. In fact, the product structure on S x S cannot be obtained by representing S* x S*
as a submanifold of R®. (see Chapter 8). However, it can be obtained as a submanifold of R*
since

St x ST CR? xR*=R"
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